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SUMMARY 


This article deals with the application of the general 
m x n Boolean vector-matrix representation of the Theory of 
Relations to Boolean algebra BA-n, with n x n matrices. A new 
type of relation termed "reverse relation" is defined and it 
is found vitally important for both Boolean algebra (BA) and 
logic. In BA, it leads to a new type of non-closure — namely 
BA-m iteratively leading to a higher BA-n (n ^ m) on reversal. 
BA-1, associated with propositional calculus (PC), necessarily 
leads to BA-2 for its full representation, the extended PC 
which we call as SI’S (from syad (Sanskrit) = doubt). This 
doubtful state is a new state found to be essential for the 
completeness of PC. 3A-5 is shown to be isomorphic to quantif 
predicate logic (GPL), provided' the algebra of connectives 
is written in terms of what we have designated "canonical stat 
representable by EA-3 vectors. The algebra of the connectives 
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has 64 "end" ( /)(i, j), i, j * 1 to 8) and 64 "or" ( 0(i, 
connectives, and a consistent, complete representation of 
QPL in terms of Boolean vectors, and 3X3 matrices has been 

[ | fv? v 

worked out.. .Here again a new/state '•some" ( ) is found 

to be essential, in addition to "all" ( V ) and "nono" ( <£> 
This state which is there in Ancient Indian Logic of two 
thousand years ago, makes Godel's second (incompleteness) 
theorem for QPL understandable from a simple approach. 
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1. Introduction 

This article, is in a way, the continuation of the 
previous article (l) published in this journal. In Ref. 1 
the application of Boolean algebras BA-1 and BA-2 to 
propositional calculus or sentential logic was considered. 

By trial and error methods, we discovered that the next 
higher order Boolean algebra (BA-5) is a very suitable one 
for symbolizing quantified predicate logic and the various 
connective operators and states that occur in it. When this 
was done, just as EA-2 led to two new states, D (doubtful) 
and X (impossible) in addition to T and F, in propositional 
calculus, a new state, symbolised by £ (some) was found 
to be necessary to get a complete set of all states in predic 
logic, in addition to the usual V , 3 and their negations. 
This, however, led to eight possible states by completing the 
associated faA-5, with four new' additions to the standard four 
that are used in GPL, namely "for all" (V), "for none" (^j), 
"there exists" (3 ) and "not for all" (/V). 



Although the requirements of predicate logic could be 
covered by using these eight states and connective operators 
(both matrix and non-mstrix) as in SNS, it was felt that the 
full power of the matrix representation can be brought out 
only by considering a general n-valued logic which can be 
represented by BA-n. Even further, this BA-n and the matrix 
operators occurring for it turn out to be still further 
generalizable by using rectangular matrices of the type 
m x n in the theory of relations, connecting m different 
objects of one type with n different objects of another type. 
Therefore, this general theory of relations will be considered 
first. Then its reduction to a system with only n x n matrices 
become straightforward. Out of these, the particular cases 
of BA-1, faA-2 and BA-3 will be discussed, from the general 
stanopoint, and their consequences to logic will then be 
described. In particular, the applications of BA-3 to quantified 

predicate logic tum out to be very novel and these win be 
described in some detail. 
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2 . Theory of Relations and Boolean Matrices 

To keep the tenor of this article at an elementary level, 
we shall illustrate the method of applying Boolean vectors 
and matrices for the Theory of Relations by means of a simple 
example, although general proofs of the statements we make 
can be readily formulated. We take two sets, —one designated 
P (® p-j » p 2 » P 3 » P 4 ) consisting of 4 parents and the other 

designated C (= c., , c 2 , Cj , c^ , c^) consisting of 

5 children. The forward relation from parent to child, which 

we may denote by C (standing for "child of”) is representable 

' ■■■ ■ 

by a "truth table", as in Table 1, in which, an entry 1 or 0 
as means that the relation exists, or is absent between 
Cjl and pj . Thus, c^ is the child of p^ and pg, while 

c^ and Cg are children of p^ and c^ of p^; c^ is not the 

child of any of p<j to p^ , although it is included in the set 
C = |c^j . Similarly, for the relation "parent of", JP . 


Table 1. Truth tables for parent-child relationships 


The relations in Tables 1(a) and (b) can be written 
as iiqns (la) and (lb) below. In this, the row vectors ^p| 
and <jc| stand for the Boolean vector representation of which 
constituents are present. Thus, the state vector ; 

(1 0 1 1 ) for ^pj indicates that p*,., Pj, are 
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Table 1. Truth tables for parent-child relati o nships 


(a) £ (Child of) (b) JP (parent of) 
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m 
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p 4 

Pi 

0 

0 

1 

0 
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C 1 

0 

0 

1 

0 

P2~ 

0 

0 

1 

0 
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0 

1 

0 

p 3 

D 

n 

0 

0 

0 
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1 

1 

0 

0 

p 4 | 

| 
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1 
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c 4 

0 

0 

0 
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■ 

BB 

■ 

1 




c 5 

0 

0 

0 

0 
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present and p 2 is absent. Then, the relational matrices 
in (la) and (1b) are exactly as given in the two tables, 
namely 5X4 for Id and 4X5 for IpI . Thus, we have 


^p i c { « i » 

for Table /l(§) 

(la) 

<c| Pl - <Pl , 

for Table /ifc) 

(1b) 


It is obvious that the matrices jcj and jP| are transposes 

of one another, and they represent the two relations in (la) 

and (1 b), which are termed "reverses" of each other. The 

relation a R b read in the "reverse" direction as b K* a 
. -- = ^ = 

has as its matrix )R’I * lR^I , the superscript 't' standing 
for "transpose". 

The notation of a row vector as a "bra" vector ( ^v |), 
a column vector as a "ket" vector ( \v^ ) and the relational 
matrix enclosed by two vertical lines (as in |Z)), follows 
the Dirac bracket notation in quantum mechanics (see (l j , 
for fuller details). We write all equations from left to 
righti as this is the order in which logical relations are 
expressed —as in "a implies b" (a =$ b), which has the 
notation a I * ^ in our nomenclature (see (l] ), with 
^a| and as 2-element boolean bra vectors and (if as a 

2X2 boolean matrix, giving ^a|I | = . 



. 6 . 


We shall discuss two practical uses of relational 
matrices that are relevant to lo^ic and boolean algebra. 


((L) Unary relation and its reverse: I f (p'| is the Boolean 
vector representing a (partial) ensemble of the full set 
M » e.g- (10 0 l), we may ask the question, "which" 

c.»'s are present, among the children, of the two parents 
p,j and p/j of this g'-ensemble?" The answer is given as the 
boolean vector (c*| in Eqn. (2a), which, for ^p'J - (l 0 0 
yields {c*| * (0 0 1 1 0) as in (2b) — namely, only the 
two children c^ and . 

<JP'I C | - <c'| (2a) 

<S 

<p'| = (1 0 0 1 ) l—» <c'l =( 00110 ) ( 2 b) 


Note that ail the additions and multiplications involved in 
the vector-matrix product are as per standard boolean algebra 
bA-1 (see [l] for more examples), where the matrix jcl is 
explicitly as shown below in (3a). The meaning and use of 
the matrix jc c l in (3b) will be clear in Section 2(ii). 


/o 0 1 o o'' 

0 0 10 0 

110 0 0 

\0 0 0 1 (J 


(3a) ; lC c l = 


1 0 1 

110 1 
0 0 11 
1 1 Q 



(3b) 
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In the same problem, if the question is reversed, with 
<c'l as input, we obtain Eqn. (Aa), yielding the vector <p»| 
as given by (4b) • 


(c‘| Pi- (p w l ; 


<p"| o (1 1 0 1) (4b) 


The interesting feature of this reversal of the relation C, 
to the reverse relation P is that <p"| in (4b) is not the 
sane as (p'| in (2b). The reason, in this particular case, 
is that Cj is the son of p-j, but both the parents p^ and pg 
are present in the set ^p ± J . One parent (p,,) gives the 
child (cj) in the forward direction using the relation C, 
but in the reverse direction, the relation P applied to the 
same child (c^) gives both the parent p 1 and p 2 » — in general 
~the~maximal ensemble of parents possible. Thus, the 'reverse* 
relation does not have the nature of 'inverse' in ordinary 
algebra and the matrix |zl goes over into its transpose |Z^| , 
on reversing the relation. This property of transpose 
representing reversal of a relation is vitally important for 
our applications of Boolean vectors and matrices to logic. 


Dirac (matrix) product; Suppose, in Table la, we take 


the first of the above two examples and work out the Dirac 
product \ P l c'^ , as defined in [l] , which is repeated 
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as (5) below for ready reference 


<a 1 Z l b> - £ £ a i z ij 


k . , a scalar 

oC 


In this, the value of can only be 0 or 1 in boolean 

algebra (the need for the subscript oi in will be clear 

in Eqn. (7) below). If k^ - 1, it means that the answer 

to the question "Is there at least one aj^ and one b^ in the 
ensembles a and b , that are related by the relation Z, ?" 

is "yes". Similarly, k^ * 0 means that the relation 

does not connect any a^ with any b^ in the two ensembles 
represented by | and ^b|, that are provided. 


In the same way, we may form a Dirac product using the 
complement of |Z| , namely |Z C | , where 

Z^j ■ | — Z^j , its complement in DA-1 (6) 

The matrix |Z C I represents the "non-relation" of Z , so that 
if there is 1 in position (i, j) in |Z | , then a A and b^ are 
non-related by the relation Z. Vie thus have an equation 
similar to (5) for k^ , namely 

<a| Z c l b> - 1 Z'j - k p (7) 

and the-properties of k^ for 2? are the same as those of k^ 



(JAfTBinp^Y rel*t3- on expressed via L lrac products: We now 
consider the truth value of the binary relation a Z b , 
expressed via the state vectors <a|, and (p I , and the matrix. 
|Z| representing the relation Z, , and its derived complement 
|z c i . The truth value of the relation is expressible in terms 
of two boolean scalars k^ and kp , which form a boolean 
2 -vector (k^. kp). In order to see the various possibilities, 
three examples can be taken, as in SI. Nos 1, 2, 3 of Table 2. 


Table 2. Dirac product values for four typical examples of 
the relation. C . 


Thus, the non-relation (cf) does not exist ior the How 1, 
and the relation (C) exists, while the opposite is the case 
of Row 2 of Table 2. We shall say that the truth value is 
"true" (T) for the former, and "false" (F) for the latter, which 
agrees with the idea that, only one of the two — "relation £J’ 
or "non-relation £ c " exists for these cases. We represent 
these by the Boolean vectors (l 0) and (0 1) respectively, 
as in SNS (see Ref. (_1 J ). 


However, it is possible that both C and <£ are not 
absent (Row 3 of Table 2). This gives (c^ c^) - (i i), when 
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Table 2. Dirac product values for four typical 
examples of the relation 


SI 

<P ’/ 

<fi 

fl 

k p 

Logical State 

i! - (Kt kp) 
of the relation C, 


(0 0 10) 

(1 1 0 f 0) 

1 

0 

T 

o 

L. 

(0 0 1 1) 

(00101) 

0 

1 

F 

3 

(10 0 1) 

(00110) 

1 

1 

D 

4 

!(0 0 0 0) : 

i 

( any values ): 

1 

1 

! I 

0 

■ — -1 

0 

! 

X 









state of p C c is "inueiiriite" (D, standing for “doubtful"). 
How 4 shows one more example, namely of both the relations 
C and C c being non-existent. It is easy to show that such 
a situation will occur only it either the vector <jp'| or <c'| 
is zero for all its components, when a relation between 
p and £ is "impossible" —represented by (0 0). The letter 

X indicates this state. 

(iv) Summary of Section 2 : Thus, the truth value of a binary 
relation requires a BA-2 representation with two scalars in 
the form of Dirac products so that the relation a C b ■ c 
becomes representable as (8a) and (8b): 


a C b 4-4 (a |C j b) = (c^ c^) » (say) (v.i) 

where and are given by the Dirac products 

<a|C|b> . ; <a|C c |b> . c p (8b) 

We shall use (a|C|b) to indicate the SNS state (c u c^) of 
a C b e c. Also, since the matrix JC c | c a |c I itself, the 
bracket giving the truth value for the relation a C c b is 

S s 


(alC c | b) - (cp c^) ■ d = C [V 


where c 

vC 

/.VVvV^vc** 


end Cj S a:e the same as 
«■'/- SN.S f\l ). 


in (8b) ( Sti t' 7 f»*‘ -H' 


i He, 



Obviously, the matrix 1c! of (6a) can be written as 
lei « 1 1 |C such that each |C V/ ) has only one non-zero 

x a A *•- 

element at location (X, A) in the matrix. Such a matrix 

, with a single 1 in it., may be called a "singular matrix 
In terms of these, we have 


(a l C 1 b) - 1 ^ (a | C. , | b) 

X A ^ 

The use of such singular matrices in quantified predicate 
logic is to be found in Section^? (3 . fj 


(ad) 


3. Types of Relations in boolean Algebra 

(&) Reversal ol~ a relation, in teneral: The above general 
treatment of a relation Z expressible by an m x n Boolean 
matrix, can be seen to be fully acceptable within the range 
oi the mathematics of set theory, Boolean algebra and matrix 
theory. However, when the above formulae are applied to logic 
they lead to extremely interesting results. Some of them 
turn out to be quite novel, not only in leading to simplified 
procedures in the mathematical treatment of the theory of logic 
but even to some new concepts in logic itself. 

The concept of the "reversal" of relations does not 
appear to be generally recognized in the literature. We saw 
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one aspect of it connected with unary relations earlier 
in subsection 2(i), Bqs (2b) and (Ab). i’hus the ensemble 
^p‘l ■ (l 0 0 l) of parents gave the ensemble 

^c«j s (c 0 1 1 0) for children; but when the 

operation was reversed, we obtained (p"| as (1 1 0 l), 
different from /p’J . It can be shown that (p"| is really 
the set of "all possible" parents of the children ^c*| , and 

that the members of ^p'f are Included in ^p"j . This idea 
that a Boolean vector-matrix operation gives the maximal set 
of members contained in the vector generated by it, is a very 
important one for our discussion. The enseinolc of elements 
like ^p'j and ^'| form a ’lattice' of abstract algebra. 

In fact Boolean algebras form "fully complemented distributive 
lattices" (See |j?J ). 


(fa) Reversal of binary relations : We now consider the technique 
of reversing a binary relation. We start with 8(a, b, c). 

For this, we suppose that the state of the vector c * (e, c..) 

« * r 

is given and so also is the relation Z . We are then 
required to find out the state.that can be deduced for (b| 
given that of ^aj, or vice versa . Taking the former first, 
the relation between a and b can be given, in general, in 
terms of boolean vector-matrix products involving the matrices 
Id andJc c l, as in Eqns (9a .to d) : 



C « T yields <a|C| ® C <a ) C c J ) c . <b| (9a) 

£ - F yields <a| C c | ® (<a|C|) c . <b| (9b) 

c » D yields <J| C | @ £a| C c | • /l| (9c) 

c e X yields <^b| * <^J , and (aj = (9d) 

(In (9c, d), stands for a state vector with 1 for all 

components, and for one with 0 for all the components. 

/*V 

In these equations, it is important to remember that, in 
general, the vectors (a J 2 | = ^d J and ^a ] Z c | = ^cj are 
not complementary to one another, and (d | e^ neeci not be a 
null vector. Secondly, the vector ^bj yielded by the l.h.s's 
of (9a), or (9b) is what may be called the ,, maximal ,, vector, 
containing all possible elements b^ which can be non-zero. 
In an actual case, the vector <^b‘| can have Vs for any, 
or all, of the b^s in the maximal vector CJ?J ; but not all 
bj^'s can be zero (which will correspond to the case of 
c ■ X of (9d)). In this sense, the vital lactor in each of 
(9a) and (9b) is the second of the two terms joined by the 
boolean product and the iirst term only selects out of these, 
those that go into the vector ^b|. 
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On the other hand, in (9c) the result for ^bj is ^i_|, 
which stands' for the vector containing unities for all the 
elements b A (i ■ 1 to n) of the vector ^b| — namely 
(1 1 1 . . . l), corresponding to the full set. In the same 
way, if c » X, as in (9d), the vector <b( is (gj , which, 
indicates that the set B represented by ^b| is a null set. 

(i±t) Boolean addition and multiplication of vectors : Since 
the n generators of bA-n are non-intersecting and one is 
not included in the other, the corresponding vectors form a 
basic set (aj , i ■ 1 to n, for the algebra. In the 
standard formulation of Boolean algebra (see e.g. (?) ), an 
a special type of lattice, the only relations through which 
these can combine are via the operations of boolean audition 
© and Boolean multiplication (g) (both of which are 
distributive with respect to one another), leading to the 
equations 

(aI © ^b| ■ <c( a^ (±) b^ ■ c^ , i = 1 to n (10) 

<a| ® <b| = <d| 4-4 & L bi a dj^ , i a 1 to n ( 11 ) 

All the axioms of boolean algebra are satisfied by the n-vector 
representation, if it is noted that complement <a c [ of (a| 



can be defined by 


1“ (a-, , . . . . . . a n ), (12a) 

where ... a![ - 1 — a.± (12b) 

and the set of all 2 n vectors of BA-n is closed with respect 
to the application of the operations in (10), (11), and (12). 

As regards matrix multiplications of the type we have 
envisaged in Section 2 (namely by n x n matrices in BA-n), 
they employ only the types of elementary operations 
characteristic of BA-1, via © and (x)^ applied to 1 and 0 of 
this algebra. Hence, the set of 2 n vectors of BA-n is closed 
with respect to the operations of these Boolean matrix 
multiplications also. However, with respect to its applicatic 
to logic, Boolean matrix operators and the symbolic Boolean 
operators of BA’s, have entirely different interpretations, 
as will be shown below (See Section! & (1)^ If)). 

H) 

( W) Closure of Eoolean algebras: The reversal of the binary 
relation, (a | Z | b) ■ c » (c^ c^), may be symbolically 

represented by 

^ - 

(cl Z l a) - <*b| (given c^ , c^ and <(a|) (13) 
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Eqn. (a) has also another reverse, denoted by the operator 
¥ , connecting c and <b| to give <a|, the cor responding 
matrix being jZ*! . Similar to (13), we can write this 
relation as 


(clVlb) * <a| (given c^ , Cp and <bD (14) 

Since reversals of matrix operators representing binary 
relations yield only vectors contained in the Boolean algebra, 
the algebra is closed with respect to these also. On the 
other hand, the algebra is not closed when the boolean operations 
© and ® are reversed. This is not discussed here, but the 
consequences are indicated for the particular case of BA-2, 
in fl a pfcie tr , and its generalization is indicated there. 


4. Vector-matrix Formalism Applied to Propositional Calculus 

This aspect has been, discussed in the previous paper (ij 
and will not be considered in detail here. We shall only 
comment on the fact that BA-1 readily represents the classical 
sentential calculus as discussed in standard books on logic 
(e.g (3 ], ($.]), while BA-2 4 needed lor its extended form, 
namely ShS. It may be mentioned that ihe matrices discussed 
in the previous section for the theory of relations are in. 
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general rectangular (m x n), but for Boolean algebra of 
genus-n (BA-n), the number of states possible is n for 
all entities, and hence it is representable by n-element 
vectors and n x n square matrices. The other formulae in 
the previous two sections are unaltered. .. 

SNS has four states T, F, B, X corresponding to the four 
different vectors (l 0),(0 l),(1 l) and (0 0) of 

BA-2. This set of states is closed with respect to 2X2 
boolean matrix multiplications, i.e. logical relations of 
the forward type. From equation (9a-d), it ij_easy to show 
that reverse relations corresponding to all the 16 matrix 
operators also lt-bd to one of the four states, represented by 
these vectors. This can be taken as a proof of the closure 
of propositional logic. 

On the other hand, when the standard Boolean algebraic 
connectives © and @ are applied to SNS, they lead again 
only to one of the four states, as shown'in Table 3. ' 

In this case, when reverse operations are considered for these 
two logical operators which have been given the name 
■ unanimity" (U) and "vidya" (V). something not contained in 
BA-2 is produced. These operators are the same as £ and A 



.19. 


for PC with 3A-1 representation, but are quite different when 
applied to the four states of SKS. In fact, U and V are not 
the same as "or" and «and" in SKS, and lead to 4X4 truth tables, 
and produce states outside even BA-2 on reversal. 

In order to illustrate how such a state outside BA-2 
occurs when a relation |Vb=c is reversed, we shall 

consider the case where £ = T § 88 T » and v/e ask » "' ,,/hat 

is c V a = b ?" This is readily answered by looking at 
Table 3f and we get the state «T or D, but not F«. 

Similarly, we can also obtain "F or D but not T", from the 
application of the reverse V operator. If these two are 
combined by the connective , we obtain the state "D, but 
neither T nor F", whose complement is W T or F, but not 1>'. 

;fe chuis obtain four new states in addition to the four 
standard states T, F, D, X isomorphic to BA-2. These give 
a total of eight (= 2 5 ) states, which can be shown to be 
isomorphic to the 8 states of oA—3» 

Therefore, if the Boolean operators © and @ are 
reversed in BA-2, we get not only states occurring in BA-2, 
but also four others, leading to a complete set of states 
of BA-3. 


L'able 3. Truth tables for unanimity (u) and vidya(V) 
worked out usings the algebrsf'of BA-2 


Ess2 




Table 3- Truth table.-, for unanimity (U) and vidya(v) 
wor ked out ur i nr t he alge bra of B A-2 


-Ca) 

a* V s" = a* 

— — — 

§’ = 

T r D ” 

T 

T X T X 

F 

X F F X 

D 

T F D X 

X 

X X X X 

i 


*l = ® 


(b) 

§' U a" = a+ 

•a II 

a'-J... 

T F D X 

T 

T D D T 

F 

D F D F 

D 

D D D D 

X 

T F D X 


+ u = ® 
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(a) Property of closure of Boolean algebras Including 
reverse operations. 

2 

Just as 3A-2 with 3(* 2 -l) non-impossible elements 
leads, by binary reversal of the operation of Boolean x , 
to BA-3 with “2 2 — 1 (« 3) generators and 7(* 2^— 1) non- 
impossible elements, the process can be extended to give a 
series of EA-n 1 s successively, with n = 7, n'(= 2— l), 
n" (= 2 n ~l) etc. generators, producing an infinite sequence 
of Boolean algebras (BA-n) with n = 2, 3, 7, n', n" , etc, 
going upto an infinite value for n . Hence, if "reversal" 
of all relations is an admissible or.oration (similar to 
"inverse" in ordinary algebra, group theory etc.), then, 
Boolean rings (3A-n) with n * 2, 3, 7.. are inter-related, 
and any one leads necessarily to the next higher one, on 
including the results of reversing the relations in the 
earlier one. 

Thus, if a completely closed Boolean algebraic system 
is at all possible, it must necessarily have an infinite 
number of elements. This is similar, for example, to the 
set of positive integers which has no last member, although 
every member of it can be described and mathematically 
utilized, in principle. Me believe that this new concept of 
non-closure of Boo lean algebras of finite order* (2 n ). has no$* 


berfn pointed out earlier in connection with studies on 
Boolean algebra. 

However, if only matrix reversals are demanded (but 
not reversals of the Boolean operations® and @ in BA-n), 
then the Boolean algebra generated by n basic vectors in 
our vector-matrix formalism is complete and closed . This 
general theorem for BA-n has its repurcusions in showing that 
BA-2 and BA-3, which can represent, according to us, PC and 
GFL of logic, are complete and closed, even including unary 
reversal and binary matrix reversal. This theorem regarding 
BA-n indicates that logic as it is normally understood is 
essentially a closed system. The only way it is open and 
leads on to a higher order from any EA-n is via the reversal 
of the forward operations of © and (5j) in that BA-n system. 

Thus Boolean algebra, mathematical logic, and Boolean 
vector-matrix formalism, are all isomorphic with one another 
and many theorems regarding logic can be derived from the 
representation — and this makes thinking and logical analysis 
much more easy. 
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5. Essentials of QPL with reference to BA-5 
Ca) Standard QPL states 

The two quantifiers that are used in the standard theory 

of QPL are "for all" ( V x) and "there exists" ( 3 x). These 

"quantify" the sentential predicate, which we may denote, for 

» ' 

the variable x, by (g x) with g standing, in general, for 
"sentence". There is also a third entity, that is applied 
in front of the quantifier, which has two states, corresponding 
to an affirmation or a negation of the quantifier. We suggest- 
the name "sign" for this and use the symbol ^ to denote 
negation — e.g. V x) (g x =£ b x) or '=\ ( 3 x) (a x & b 
.The negation of the sentence s , where necessary, is 
indicated by the PC or SNS negation symbol ) before s. 

However, the eight quantified forms that are obtained using 
(Vx), (3x),-j and ==!are not independent. They form four 
pairs of equivalent statements, as given in (15a to d). 


(Vx) (g x) a 

=iGx) h$ x) 

(15a) 

^KVx) (g X) » 

(3x) (•—jg x) 

(15b) 

(V x) (~~lg x) 

- -^( 3x) (g x) 

(15c) 

^(V x) ( jg x) 

B (]x) (s.x) 

(I5d) 

The quantifier "for none* 

C.J x) f . standing fory "not, there exists 
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vis. 1( 3 x), is used quite often, and this suggests that 
we must coin a symbol also for "not for all", and we employ 
(A x) for this, standing for =j(\/ x). 

»e have used two different symbols and l in the 
above examples, and these two have entirely different algebraic 
properties^ although they both have only two states— namely 
"yes" and "no". The former negates only the state of the 
quantifier — e.g. ^ ( \/ x) means "not for all" and not 
"for all, not". The latter acts only on s x. The two are 

interrelated (see later for precise^ details). Thus we have - 

( V x) (g x) = (3 x) ( s x) (loa) 

( V x) (~1 § x) = (jx) (§x) (lob) 

The second of these demands that every x has the property 
"not s x", while the first only requires that there are some 
-x's having the property "not g x". 

A little reflection will show that the state (V x) is 
implicitly assumed in every statement of propositional 
calculus, 'without mentioning any particular quantifier state 
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with reference to it. Thus "men are mortal" is equivalent 
to saying, " all men are mortal". V/e will find this property 
of (Vx) that it is an unstated quantifier of propositional 
calculus very useful in derivin'; relations between .'Statements 
in PC and statements in QPL (fyf ). 

(b) Boolean vector representation of standard QPL states 

The statements of QPL in the standard form, such as 
those in (1?) and (16) can be represented via BA-1, BA-2 and 
BA-3 vectors as follows: - 

(i) v/e use SKS for s x which is a statement in PC, --nd 

-- 

this requires two symbols and s^ , written simply as 

(«£ f), for defining it, with four truth values T, F, D, X. 

~i 

The d'ttoeng negation operator^for s x is the SNS operator 
N, coi-respending to the BA-2 matrix |N| (see (l] ). 

(ii) As will bo clear from the discussions in the next 
section, we find an absolute need for BA-3 to represent the 
quantifier. Although we have needed so far, in our discussions, 
only four quantifier states V 3 , § , A » they do not form 

a complete Boolean algebra of any genus, and are properly 
represented only in BA-3. Preliminary studies indicated that 
their properties are representable by the BA-3 vectors 


.25. 


V- (i o o), j= (i i o), $ = (o o i). A* (o i i; 

oLhes 

Simultaneously, the negation operator =1 is the Ba- 3 
complementation operator ('~ r ), whose effects v/e denote by a 
superscript , or, as will be seen in the next section, by 
the operator IM . The effects of this operator is to change 
1 to 0 and 0 to 1 in all the thre° vector components 
q y , q, , q f of the quantifier , written as ( y* £' (.'). 

It is readily verified that 

V" -At A° = V . 3 C - | . f -1 (i 

(Ti. 'reason for ther primes in y' , £* , is to distinguish 
the quantifier in the standard form from that in the canonical 
for;;. which will be defined in subsection (c) below.) 

(iii) «rfe shall use an one-element vector ( $) to denote 
the 11 sign” of the standard form, associated with the negation 
symbol . Thus $ = 1 indicates affirmation and $ » 0 
indicates negation of the quantifier. 


Jith the above definitions, a quantified state tty* in 
UFL, expressed in the standard form adopted in all textbooks 
requires six parameters (q^ ), (q^ q£ q^) (q^ q^) to 
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represent it. In this, every one of tin; components from 
q to q T is a Boolean variable in i-A-1, having only tv;o 
possible values 1 and 0. Where convenient, we shall represent 
the state in the '•standard'-'-form by (& ) (V* £ d) fa f), 
in which the primes for V, £» are used to distinguish 

this from the "canonical" form (V & 6.) discussed in the next 
subsection. 

It would appear, from the 6-element description of in 

the standard format, that there are 2^ = 64 possible different 

quantified states. Actually this is not so and only oi^ht of 

them are distinct, out of which four cover all.the standard 

quantified states employed in the literature for standard QFL. 

.- JTCO' 

These features are described in the next subsection 6=4r-r-i-7, 

where we shall use the term "extended" CPL (E^PL) if it is 

necessary to draw-attention to the extra four non-standard 

states of BA-3 specifically. 

(•fecr$ Interrelations between standard QPL states : Out of the 

64 possible standard forms, iG.are especially interesting in 

that the treatment of quantified predicate logic in the 

literature is based, only on these, just as propositional calculus^ 

* 

uses only two states T and F in the standard literature, while ... 
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we find the need for two more states D and X, when reverse 
relations are taken into account. These 16 -can be obtained 
by taking the four quantifier states (V*)» (Ax), (3 
( J x) and attaching, in front and after the quantifier 
symbol, the BA-1 symbols and 1 where necessary. Table 
below lists these 16 different forms in QPL, of which there 
are four equivalent forms of each of the states, which are 


interrelated to one another by four equivalence operators. 


called "modifiers" 


£ 




Table A. The Sixteen different forms in standard QFL 

» obtainable from \/c.nd 3 and their interrelationships. 


In each row of this table,..there is just one entry which does 

not have negation either for the sign or for the sentence. 

In this particular form (enclosed in a box), the 

the affirmative sense^for the quantifier* and the sentence, ana 

hence we abstract the quantifier pert aione of this, and use 

it for the naine of the full quantifier predicate state, which 

is renresented, in the standard form, by all "the four entries 

in that row, and which are logically equivalent to one another. 

/U.c<c>vA 

This is shown in the ffecst column of the table which requires 
only three components V , $ , € . 5fe name this symbol as' the 


















.29. 


"canonical" fora of the state, representable by Just one 
three-element Boolean vector (Y S ti of BA-3- Primes 

on ( V S' i) which ° ccurs in th ® 2tand?rd forn have beea 
removed while expressing the OPL ter*, in the canonical form. 

" £ £ £ £ 

The four equivalence operators g » L * H » N * 

interconvert the standard forms that are equivalent into one 

another. They fon. a group isomorphic to the well-hno,n "Eou, 

group”, with the following properties: 


£ 2 , £ 

E ‘ L 


£ . 
E » 


(19a) 


E L f K * £ K £ L - £ » = £ « ^ * £ « ^ ' 


£ . 
L ’ 


c c £ £ _ £ 

fc H L " L N M 


(15b) 


in fact the four canonical states "for all (V), 

"tor none" (1), ’«* for all" (A) and "there exists" ( 3 ). 
for none C ® ^ operators £, N . M. L , 

are themselves rela y 

*hich are shown in Column 1 of Table 3. If now the above 
four states ^presented by canonical vectors in Column 2 of 

Table it are added and multiplied by Boolean operator, © and 

states. The names of these, as well os 
(g). we get four more stages. 

. _ Lksm ■ a*© shown in 1 

the new symbols coined » 


Fift.1* Schematic 

in EQPL . 


ofjha 



slates 






Fig-1. Schematic representation of the 8 possible 

states in EQPL 
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They are listed in Table 5 as the Boolean vectors comprising 
the representation of the 8 states of EPL (EPL standing for 
"Extended" Quantified Predicate Logic). These have been 
given the symbols q(l) to q(8) in that table, and the 
states into which each one goes, when operated by the EFL 
operators IE, IW , , H— , are also shown therein. In fact 

Table £> is a complete truth table for these operators. 

Table 5* Boolean vectors for the 8 states of EPL and their 
interconversions. 


The four new states of EPL that have been thus obtained 


have the following properties. The most interesting is the 
new basic state (for some), in addition to the two 
standard ones V (for all) and ^ (for none). The state £ 8)) 

is that only some exist, but not all or none. If we take the 
complement of "some", we get "all or none" (q(4 )) indicated 
by the symbol 0 . Finally, we have the indefinite state 
(q(7) or A- ) which is obtained by adding all the three basic 
states hlHl and (j \ i end a statement in this 
indefinite state (/i x) (s x) has absolutely no logical 


informatiSn content for the term denoted by s x . Ho waver, 


anticipating the discussion in the next section, if the 
vidya operator ( @.) is applied between this vector (“1 1 1 j 
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Table 5. Boolean vect ors for the 8 state a of Q PI* 


SI.No. 
of 

state 

Name of 
quantifier 

Boolean 

vector 

Symbol of state when operated by 

(Y S €) 




i 

q(l) 

For all 

(1 0 0) 
i 

y 

§ 

A 

3 

a(2) 

Not for all 

(0 1 1) 

A 

3 

V 

5 

q(3) 

For some 

(0 1 0) 

t 

l 

e 

0 

q(M 

All or none 

(1 0 1) 

0 

. 0 


£ 

q(5) 

For none 

(0 0 1) 

i ' 

V 

3 

A 

q(6) 

There exists 

(1 1 0) 

3 

A 

■ i 

V 

q(7) 

Indefinite 

(1 1 1) 

A 

A 

.> 

0 

q(8) 

Impossible 

(0 0 0) 

t . 

* 

A 

A 


+ Each of th’.; four pairs consists of a set of two mut"? 1 ly 
complementary states — /•a. £ c >e , i°-3 , 

A c - t ■ 
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and one of the other seven states ( Y & C-), then, the other 
state (Y $ 6) will be the output. Similarly, the "impossible" 
state q(S) ( 0 ) is obtained by talcing the intersection of 
all the three basic states V, i and ^. Since they are 
mutually non-overlapping, their intersection will be the 
null set 0 , corresponding to the “impossible" state in 
logic and denoted by the Boolean vector (0 0 0) of EPL. 

Before considering the effects of 3X3 matrix operators 
and the Boolean symbolic operators ® and ® on the eight 
BA-3 vectors representing (in the canonical form) the 8 states 
of EPL, we shall classify the 64 possible quantified terms in 
the standard notation, including the 16 of Table 5-, which can 
occur in EPL. Thus, 

(k) Quantifier is one of V » » A» ^ of QFL and 

s = T or F, sign - 0 or 1. These 16 were considered 
in Table 3, and lead only to 4 states. 

(U) Quantifier is one of the' four new states of EPL, 

and s = T or F, sign = 0 or 1. These also lead only 

to four standard states ( i. x) (s x), (0 x)'(| x), 

(Ax) (s x) and (0 x) (s x), each of which produces 

a set of iteir eauivalent standard forms, by the 

f P f £ 

application of the modifiers C E , N > jyj » . \ 



\f) Quantifier is any one of eight, sign e±££ "yes" or 
"no" (0 or 1) but s * D. All sixteen of these 
lead to the same canonical state A ( H ( A x) (s x)). 

Quantifier is any one of eight, sign either "yes" 
or "no" (0 or 1), but' § * X. Again all sixteen 
lead to the same canonical state 0 (=(fl x) (s x)). 

a 

Just as with the set of states (A), the properties of 
(M), W, (Mr) 

those in S &), (tf) above have been formulated by us from 

an examination of the logical contents, and equivalences, 
of the relevant standard forms. The effect of §~ = D can be 
explained by saying that if the statement § has a doubtful 
state and can give no information, then it converts itself 
automatically into the universally doubtful quantified state A 
Similarly s = X leads straightaway to the impossible 
quantified state 0 . Further details are reserved for a more 
extensive presentation elsewhere. 

(d) Canonical states of EPL and their use with connectives 

Since the eight canonical states, isomorphic to the 
8 states of BA-3, cover all the standard forms of terms in 
EPL, we shall only consider connective operators (unary and 



.35. 


binary) which interconnect these canonical states. While 
doing this, we shall indicate how all the well-known connectives 
of quantified predicate logic are covered and their properties 
(as envisaged in standard presentationson the subject) are 
all incorporated in our formulation. We shall first indicate 
how a standard form is converted to its canonical 

form €k. and how a unary connective 2 is applied to it 
to obtain the canonical form /fa of the resulting term, which 
can then be modified into the required standard form. 

This is illustrated by an example in Table 6 (a, b, c). 

The problem to be solved can be stated in words as follows: 

We are given that "For all x, §x is true implies that 
there exists a y such that by is true" (Step (b)). 

For this relation, the input is "There does not exist any 
§ x that is false" (Step (a)), and we are asked to find out, 
given the quantifier state ( V y) of the output, what is the 
nature of b y, and the sign of the quantifier (Step (c)). 

The three steps involved are indicated schematically in 
Tq.ble the most important of which is the representation 

Table d>. Example of a UFL sentence in an argument implemented 
via canonical terms and connectives. 
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Description 
of sub-step 


(b) Canonical 
connective 
applied 


Logical content and 
Boolean algebraic representation 



■^ (3 x) ("la x) 
(P) (1 1 0) (0 1) 


(Vx) (a x) 

(1 0 0 ) 


(Standard form) (Canonizer) (Canonical form) 


V(x) =4 3W 

(i o o) Id, 6) d i o) ; Id, 6) 

(Canonical) (Connective) (Canonical) 


= 1 1 1 

\1 1 1 


(c) Output 
standardized 


3 (y) (fc y) **■> "i(Vy)(nfey) 
(110) iJk (o) (1 0 0) (0 1) 
(Canonical form) (Standardized) (Standard form) 
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of the connective involved, namely “implies" in Step b. 
Anticipating the form of this (namely one of the sixty 
four 5X3 matrices for "implies" — see Section 6), we state 
that it is J(l, 6) in the present case, the indices 1 and 6 
standing for V= q(l) and 3® q(6), which are connected 
by it . Since this BA-3 matrix requires that both the input 
and output vectors are in BA-3, i.e. the canonical form, 

Step (a) applies the "canonizer" first to convert the input 
from the standard form to the canonical form. The algorithm 
for the canonizer is given in Part A of. Table 6 in Section 
6Cii). Similarly, when the output comes out in the canonical 
form, the " standardizor" of Step (c) convents it into the 
required standard form. The algorithm for the standardizer 
is given later in Table 6, Part B. 


Although this example does not involve all the intricacies 
related to problems of this kind, it gives the essence of our 
procedure, and we obtain the required result in Step (c) — 
namely "Not for all y is the statement b y false". 

The operator 1(1, 6) is a 3X3 boolean matrix. Similarly, 

other connectives such as "and", "or", "nr.nd" etc., of EPL 

are also matrix operators. These are discussed in Section 
(S) 

G(fea), where their nature is derived physically by inspecting 
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their expected logical nature. In doing this, we apply 
the procedure normally adopted in theoretical physics — 
namely of examining the properties of the connective as 
it is considered in standard QPL, and then giving them a 
mathematical interpretation using EA-3 for EPL (which 
includes QPL). In this sense, our method of approach is 
similar to the use of algebraic formulae and equations in 
Cartesian analytical geometry, for solving problems in 
geometry. On the other hand, standard treatments of logic 
via theorems‘follow the method of Euclidean geometry in 
deriving proofs with, existence conditions rather than giving 
a technique for working out problems. We believe that our 
method w ill s olve problems very readily as will be shown in 
Section 7. 

6. Non-matrix and matrix connectives in EFL 

(a) Unary connectives III. . \M ■ \M. iLfor affirmation and negatio n 

h 

As .-shown in Table p, Section 5(c), these operators 
permute the four states V , § , /Y, 3 , among themselves, and 
similarly permute the two states- ^ and Q between themselves 
and A and 0 within the pair. The algebraic equations that 
define these transformations, for the operator in <CL lb 
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(for |E = affirmation, |/\| = negation, complementation 

and /[_= ellation:), are 


lb : 

i 

a r ° 

by. 

a S " 

b S’ 

a £ ■ 

b £ 

(20a) 

N 

II 

s TfL 

a Y - 

V 

a s - 

V 

= 

b Y 

(20b) 

II 

•?- 

b v» 

a 5 = 

V 

a l = 

b e 

(20c) 

N 

II 

^■r 

ay = 

V 

II 

O 

at 

V 

a I - 

b Y 

(20d) 


It is readily verified that |fy 2 ■ j|^ 2 a. (_ 2 " IE » 80 "that 

all three have the nature of negating a term to which they 
are applied, hut in three different ways. 



The unary "affirmation" operator E is also the binary 
"equivalence" operator, for which the matrix form 

f\ 0 o\ 

| EJ = [010 (21a) 

ip o y 

is the best representation for practical use. Thus, if 

(&«-*&)-iUE Cal E| b) = (1 0) = T (21b) 

^ * 

then <Cl and lt> hove the same 3-vector canonical form. Hov/evei 
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just as in SNS, this operator does not have the property 
of giving F if (Xy* lb • For this purpose, we require 
the "agreement" operator (d) , similar to the SNS G, . 

(see Ref./y)- V/e also define this operator (& in 

EPL, similar to SNS, by the equations 

./#= 

(CL£/Uh» a y - b Y , a £ = a £ « b £ (22) 

The binary operator C, gives T if the three components of the 
two 3-vectors are all alike, and F otherwise. It is useful 
for the canonizer and the standardizer discussed 

in the next section. For lack of space, we shall not give 
the Boolean algebraic expression for (a \ G | b) = c . 


Canonizer and Standardizer 


v/e utilize the formulae in Tables *?(a) and^(b) for 
this purpose. Taking Table a), it can be verified that 
the application of the canonizer 2? gives 


? sC V 


(23) 


where q* = (q* q’ qj) ** (V S’ eJ) of the standard form 

( S ) ( v* g cl)t4 p), and = (V SO. The nature of 

is as in column 3 of Table 6(a). 

* 

n 


Table Algorithmic Table for the Canonizer and Standardizer 
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Tab] o. 7. Algor ithmic Table 
(o) Cnronizor sy‘ ~2_ - °\f 


f or the Cano n!zer and St ^r-iard 

(b) Sta!>!or.i 5 ?.or, yieldingi 
.T>(' («t Ji), river fity a~d ty 1 


i 


Sirjn 

$ 


Canonizer 

1 

T (1 0) 

E 

1 

F (0 1). 

1KI 

0 

T (1 r ) 

■ M 

0 

F (0 

•»L 

TCny 

b (1 1) 

D + . <Y-A 

Any 

X (0 o) 

r. 


Value of ,1 

Standardized state j 

for gj = T 

rsr 

V7V 7) 


1 

i 

<V|£ 

T(1 0} 

2 

i 

*V|N 

F(0 1) 


o 

<V|M 

t(i — n) 

/i 

0 

‘YIL 

f(o i: 



fill/ v <v' = 

<V" 

None 

i 


I WM I 


+ Thf\se are defined in subsection (vi), but v/e can straightaway 
write ^V=& = (l 1 l) in the former case, and Oj = <j) = (0 0 0) 
in tbo latter. 
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For the standardize^ we use the information taken in for 
the canonizer in the reverse direction. We suppose that the 
canonical state (V S €) is given, and. we require ( £) 

and * given fly' = (v* g 1 €?) of the standard form 

(£ ) (y* £ ^|) («£ This is done as follows. 

(i) Calculate Xj , ^2 > ^3 » '^4 » equal to 2 
for = |E-, IN , M , /i respectively, and find out the SNS 
state of ( Xj | G | q*) ■ gj* 

(ii) If is T, for some j « 1, 2, 3 or 4, then the 

standardized state iB given by the six elements, in the row - 
corresponding to_ 3, in T able 6 (b). 

(iii) If all gj are F, & can be taken to be 1 , and we 

liaiculate^ 'fy' = fy" and then the SNS state of the 

relation ( fiy" | E| q), (one of T, F, D, X) gives'the state 
of g.. These are summarized in Table 6 (b). 


The proofs of these are reserved for a detailed paper. 

V \V 

and ^ BA-3 

We have already seen that these two operators U and V 
in logic, respectively correspond to the "Boolean "stun" ( ff) ) 


. (d) Boolean operator connectives ^ 




and the Boolean "product" ( 0 ) in Boolean algebra. They 
have been defined already for n-vectors and used for SNS 
in (l] , corresponding to BA-2. Similarly, the operator ll/ 
used in QJ \J (CL" in BA-3, brings out the state that 
is common to two state-vectors and For example, 

if {XI * V ■ (1 0 0) , and <£L" ■ 3 » (l 1 0), then 
<&.' V (CL" is (1 0 0) ® (1 1 0) * (1 0 0), i.e. 

"for all". (Note the analogy to the concept of "intersection" 
in set theory. However, the connective "and" in QPL has other 
interpretations, representable by 64 possible matrices 

-3 >, 1,-3 « 1 to 8, ( as shown in Section 6(f) below) in 

EPL). 


On the other hand, if the logical operation has the 
property of taking as true the information provided by either 
one of the two sources, (as with rumour), then we must employ 
the connective-operator \U . (Note the connection, in this 
case, with "union" in set theory. Here again "or" in QPL 
is described in full, only by a set of 64 0(i, j) operators 

see (f) below). 

d 

(e) Singular matrix connectives 

As we have already seen, the input and output vectors 
in EPL are all canonical 3-vectop of the type & 2(a^ a g ) 
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and (by bg b^), so that a general matrix connective 

between them is representable by a 3X3 Boolean matrix j Z l. 

Any matrix connective 2? in EFL is thus representable by |z|, 
which is a sum of matrices as 


|z| = I » ( 24 ) 

i 

The matrix fl£-X , A^) has a component 1 (X» A = one 

of Y • S . £-), and 0 otherwise, and may be called the 
■singular matrix* S fr X > and" a general 3X3 Boolean matrix 
is a sum of at most nine such singular matrices. Thus, the 
“and" relation between (ay 0 0) and (0 0 b^) is 

~ IS^I. 

(a Y 1 &t -X-r~£) 1 a^) ■ (<* c^) (25) 

and this will give g * T only for £L « V and Jb = and 
c = F, for all the other eight out of the nine possible 
combinations of the basic states. 


Because of this, the result of any unary relation 
^a \ Z i = ^b| or any binary relation ^a | Z I b^ * c is a 
Boolean direct sum of the application of 9 or less singular 
matrices. However, we shall discuss below particular 3X3 

\ 

matrices, since they have a direct logical, interpretation in EPLj 



.45. 


(f) Sixty four orerators each of types and © and their 
relation to *J and J" . 

In logic, one often gets a relation like V(x)& 3(y) = c. 
An examination of the relational matrix for the connective 
"and" in this shows that if the "and" is between a q(i) 

^||and a q(d)» then the matrisT'^^has non-zero elements for 
those \ for which the elements of q(i) are non-zero and for 
those /cfor which the elements of q( 3 )$are non-zero. 
Considering our case, V corresponds to i » 1, and only 
qyO) is non-zero and 3 corresponds to ^. =» 6 (of Tabled), 
with qy(6), q^(6) non-zero. Then the corresponding matrix -po-r 
if\{ 1, 6) has only A , Ayg non-zero out of its 9 components. 
Thus, 


Udt 6)) 



for 


(V 


( 26 ) 


In the same way 64 //\(i, 3)’s can be formulated, for the 
64 "and" relations, q/(i) //)(i, 3) O/Cd) with i, J ■ 1 to 8 

(for specific e::amples, see Section 7). The corresponding 
matrix |A(i, j)| is, as in (26), the "outer product" of 
|q(i)^ and <q(d)l via the Boolean product operator (52) of 
BA-1, giving 


)A(i, 3)| = \qd)) ® 4Cd)\ 


(27) 
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Table #U) illustrates the rule for the outer product. . 
Similarly, the EFL "or", illustrated by 0(1, 6) in Table 
f(b), ; has for its matrix, the Boolean "outer sum" of q(l) 
and q(£) . Hence, in general, 

|0 (i, j)| * |q(i)> © <fl(j)i (28) 
(Proofs of (27) and (28) are omitted for lack of space 


Table Generation of )A(l, 6)\ and to(l. 6)1 
product and sum of 4fl(l)l and ^(6)| 


as the outer 


Using just the definitions (27) and (28) for //)(i, j) 

and 0(i, j)» all the interrelations between "anti", "or", 

— a 

"if" and "only if" are derivable, if wetakep over the definition 
of the complement |Z C | of )z| from the general theory of 
Section 2. The series of equations from (29) to (32) all 
follow purely from 3X3 Boolean matrix algebra, using the above 
correspondence with connective operators ff\ and 0 of EPL, and 
by taking over the inter-relations between A , 0 , I , J of 
SNS (see [l]). 

rfe shall use the notation q(i c ) also for q c (i), in 
which the relation between i and i c is as in (29), if the 
serial numbers in Table k are used for q(i) and q(j) in (27) 
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Tab]e 8. G eneration o f ] A(l , 6)] and |o(l, 6)} as the 
outer product and sum o f ^q(l)fand ^q(6)| . 


(a) |a( 1, 6)1 » |q(l)} ® ^q(6)| 


q(6) 

q(l) 

1 1 0 

. 1 


ft 1 o\ 

0 


0 0 0 

O' 


^0 0 0/ 


(b) |0(1, 6)1 = |q(l)> ©•<q(.')l 
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and (28), 

. c = i + 1, d C * d + 1, if i and j are odd 

(29) 

i c = i — 1, 3° = j — 1, if i and d are even 

Then, the eight binary connective nedJatAone- ff\ , ^ C , (0 , Cf, 

1 classical logic have the interrelations 

given in (30 to 32) (not all are listed, but only the Move 
essential ones). Thus, 

A(i, J) S (f (i c , j c ) (First de Morgan relation) .(30a 

/$ C (i 6 , d°) — 0(i, d) (Second de Morgan relation) ( 3 % 

For the implications X(i, d) ("if", in the forward direction; 
-and"*3~(i, j) ("only itf'jf in the forward direction), we have 

I(i, d) ^OU 0 , d) = #f(i, d C ) (31a) 

T(i, 3 ) s0(l 5 , l) 3/f(jf i'/ (31b) 

T(i. J) i) (Contrapositive form) (31c) 

Similarly, for the denials of the relations £ and ~J", we 
obtain Eqns (32 a, b). 

d)=CfCi C , d) *3 //l(i, j c ) (32a) 

/(i, d) H (0 c (j c , i) -s (d? i : ) 


(32b) 
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Two of the s require special mention, namely 
5) = W(7, 7) and X = $(8, 8). ID has the property of 
converting any vector q(i) into q(7) = (l 1 l) by the 
unary operation <(q(i) \ D|, while X does the opposite, 
namely converting all vectors q(i) into q(8) » (0 0 0) 

by the formula ^q(i) I X(. These matrices have been used in 
Table "jp. 


In addition to these, we must mention the matrix 
representations of IE and |M , which are used quite often. 


E 


/l 0 o\ 
0 1 0 
\0 0 ij 



(33) 


Thus, out of the 2^(= 512) possible 3X3 Boolean matrices, 
only 130 are used for the connectives of EPL to serve as 
represents tionsj&^of commonly utilized logical relations. The 
others could be used for rare occasions, via the singular 
matrix sum representation for any 3X3 Boolean matrix. Some of 

t 

them have good logical sense, e.g. 



ft 1 l\ 
0 0 0 
0 0 / 


(34) 


makes lb always V in CL JR * lb, irrespective of the state of 
<(A. j but we shall notrUescribe ^an y of these. 
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7. AppT ^ cation of Vector-matrix Algebra to SPL 


In the^Last section, we have considered the algebra of 
the logical connectives of EPL. These are however, applicable 
only to the canonical form of QFL terms. We shall now 
consider the use of these matrices for unary and binary 
relations of EPL, but with only one variable. The extensions 
to more variables, and to the cases where the sentence j 
itself contains more than one term connected by logical 
relations, can be made, but they are not discussed in this paper. 


h*) 

(flt) Binary relations : It has not been recognized^that the 3X3 

matrix that represents a particular relation (e.g. "and") is • 

not unique*—but has 64 variations in the BA-3 representation — 

/f\( i, d), i, d * 1 to 8. Thus, taking jf\( 1, 6) illustration 

, \ 

(see Table 7), has the necessary property that it 

will give 


(a | A(l, 6)| b) * T 

only if 

<al €.<3(1)1 (-V) - (1 0 0) 

<V,U '<»>I'€ <3(6)1 (- 3) - (1 i 0) 


(35a) 


(35b) 


This, agrees with our intuitive concept of the "and" relation 
and, for (1, 6) lb « g we have for any input states of 
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<&.(“ )» and ll?(» q(^)), the equations 


^o_(k)| A(1, 6)| q(t) = c* 

(36a) 

4(k) 1 A c ( 1 1 6)1 q(-d) b 

(36b) 

(< k >> 

(36c) 


giving the SNS state of the relation c. 


The same process can be applied for 0(i f j) (and for 
/A°(i, d) and $(i, j) also). Taking e.g. f 0(l> 6), we can 
verify from the matrix that 


demands t fial 


(a | 0(1, 6)j b) 


T 


rT 


<^|€<q(l)l(“ V) 

4 >i e 4(6)| (= 3 ) 


c 

(1 0 0 ) » 
(1 1 0 ) 


(37a) 


(37b) 


which again agrees with our ideas regarding the logical 
connective w or n , as applief to QPL. 


It is quite likely that binary relations of the type 
S & d. , where one is an SNS term and the other is a OPL term 
can occur. In such cases, we use 2X3 matrices’ J1(T, j) or 
W(F, j) defined exactly as in (27). In this, becomes 
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one of the basic SNS 2-vectors T(» (1 0)) or F(= (0 1)) 

as required, while <^(j)| is an EPL 3-vector. A similar 
procedure is adopted for //l(i, T) and IA( i, F). We shall 
not pursue this further, but an example is given in Section 7( c ), 


The reversal of a binary relation gives a unary relation 
as explained in Section 3» and therefore we shall not discuss 
binary reverse connectives, but only unary connectives. 


Unary connectives : The most important unary connective 
is implies (»—^ ) = X(i, d)« The straightforward way of 
obtaining this matrix is by its equivalent form /^(i, j c ). 
That this has the necessary logical properties is seen as 
follows, We know, that the SNS ”implies" (i) gives for a I = j 
the consequences ap V—> bj , a p I—> bp. In the same way, 
if we take, for example, (L"][(l, 6) ** /b , then C 

j <0.. V) »-*• (to-3), and (CL.-iV =A) clfc) -A). 

The matrix lit 1, 6)| * |A c (l, 5)1 la readily seen to have 
these properties. It is also seen that the analog, in EPL, 
of the SNS a ctl^^rclatl^n (^1 Tl ■ ^h\) 4=*^ C <b| J| ■ a), 
where I** ** J, is (3*lc). 


With these preliminaries, we shall work out a practical 
example to indicate how facile the matrix representation of 
EPL and_J3NS is for working out actual nroblems. , 
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(c) The audience-concert-crowd problem 

The problem given below employs unary and binary QPL 
connectives, an SNS to QPL connective, and also the canonizer 
and standardizes The problem is first stated in words, then 
in our notation for logic, and finally in the vector-matrix 
formalism. The -reversal of the steps is, however made 
completely in the matrix formalism, except for the last step 
of translating the result into the form required. It is 
obvious that all the steps are computerizable. 

Problem - 

(i) If not all the audience seats are unoccupied, and 
some of .the musicians are present, the concert will 
go on. 

(ii) If the concert takes place, all windows will be 
opened, otherwise all windows are shut. 

(iii) If some windows are open, the verandah will be partly 
or fully filled with people listening to the music. 

(iv) There are no people found in the verandah. Prove 

0 

that, if, in addition, all seats are occupied, no 
musicians have come. 
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4/e write the three steps of the problem in the standard 
notation of EFL in Table ^ C 1 • 
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Tab] o 9 _. _QFL j)"oM«m in stnrdn;~d notat ion 



Symbols 

Lori cal equations in sta. dard form 

A 

n 

Seats 5 x ; 
Kusicv.r.n rn y 

Concert c 

H ($ x) (s x) & (3 .' (n y) = c 

B 

Window w z 

S (V z) (w z), nc (§ z) (w z) 



( 3 z) 7 .) =$ (3 u) (p u) 

C 

People p u 

(Note: (3 u) == (Vu)© ( lu)) 
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Part C 

(3 w) T(6 t 6) ■ ( 3 p) 


IK6, 6)1 



(40a) 


Verify: A -j o\ 

(1 1 0) M 1 01 * (1 1 0) (40b) 

V 1 1 V 

(1 1 0) (1) (1 1 o) (1 0) (40c) 

v 

We first canonize the inputs for Part A of Table in 
(58 a, b), and then select the right >^(i, 3) to connect the 
canonical inputs to give (c^ c^), as shown in (38c). Next, 
we formulate the SN3—QPL connective "imply" of Tart B by a 
2X3 matrix. For g = T(1 0), V jg = V = (1 0 0), and for 
c = F = (0 l), || m <|> = (0 0 1). Hence the relational matrix 
of (39a) is obtained for the relations in this Part B t and 
it is verified that it has the required properties in (39b). 


Part C of Table ^ is straightforward, since it is a unary 
relation, and both input and output are already in the canonical 
form. The canonical equation for this, and the relevant matrix 
X(6, 6) are shown in (40 /a f and jib) . If necessary, the 
(3g) can be standardized to ("3 u) (g u) as in (40c). 
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( ft ) Reversal of the steps in iJoolean algebraic notation . 

In.reverse, the two inputs are: 

(i) "No persons ore in the verandah”, .-/hich in canonical 
PA form, is . 


and 


(ip) = (o 0 l) for |’p . (41 a) 

(ii) "All seats are occupied”, whi^h in canonical 
UA form, is 

(Vs) ** '(1 0 0) for . (41b) 


,,'e shall simply reverse the canonical equations in (40) , (39) 
and (58), .-.and write them as (42c, b, a) respectively, in .that 
order, to represent the reversals of Parts C, 5, A of Table 

<^p | I t (6, 6)( * ^w| (5 vector) (42c) 

^w|R t | a ^cj (2-vector) (42b) 


and 


Now 


^s| Al = <m| (3-vector), if c = T 
{s | A c ( ■ 4*jl (3-vector), if g = F 
a (0 0 1), so that ^pl I* (6, 6)| is 



(42a) 


( 43 ) 
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Putting ^vr| - (0 0 l) in (42b), we get 

'l O' 

(0 0 1) I 0 0 « (0 l) for <c| (44) 

0 1 

Since c «= F , we have the second equation in (42a), and hence 

) A c | = ^m| (45a) 

In this, by (41b), (s\ » (l 0 o| in QPL, and taking the 

complement of \a( 6, 6)| in (38c) for ] A C J , we obtain 


(1 0 0 ) 


f 0 0 1 
0 0 1 

v 1 V 


(0 0 1 ) 


<m| 


(45b) 


Standardization of ^n| » (0 0 l) is straightforward, and 

(<[> y) (m y), i.e. "No musicians are present" (QED). 


(d) Concluding remarks 

Thus, we have effectively converted the axioms and rules 
of EPL into vector-matrix equations’, associated with the usual 
logical functions (NOT, AND, OR, XOR (of BA-l)) available in a 
computer. As a matter of fact, just like MATLOG for SNS, it is 
not at all difficult to write a program in FORTRAN IV for all ' 
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that we have discussed in this paper. Our technique is 
therefore eminently practical and suitable for expanded 
application to more complicated formulae in SNS and QFL. 

On the purely theoretical side, the most interesting 
aspect is the introduction of the new basic state "some" C^.), 
which is quite enigmatical for the common man. It was so for 
the Jaina philosophers in India in the B.C's, and they gave 
this indefinite state the name 11 avahtavya " (indescribable) [_6] 
along with the simple words ”true M and "false" for the two 
definite states (see ). Godel's demonstration [7^ that 
any theory in PL, which is large enough, must contain theorems 
in this state (neither provable, nor disprovable) is therefore 
not an enigma for epistemology as it appears to be at first 
sight, but a' necessary consequence of the structure of QPL, 
when extended into EPL. If the state is needed for the 
completeness of QPL so as to be isomorphic to BA-3, there must 
be some statements in any system of logic isomorphic to BA—3, 
which possess -th e property of this ^ state — namely that of 
neither complete truth, nor complete falsity, both of which 
are improvable. That this is true of some theorems in any 
theory making use of QPL is the beauty of Godel * s theorm 
(see (4) 'j for a discussion of this). 

* 
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This review su MHATi zes some of the early studies on perfection of crystals, 

in relation to the dynamical theory of x-ray diffraction, which were carried out 

in the author's laboratories at Bangalore and Madras, during the 1940's, 50'a, and 

early 60's. The fiayleigh theory of optical reflection from a stratified medium was 

shown to be identical in content with the Darwin theory for x-rey reflection from a 

perfect crystal. It was also shown to be identical in principle and leading to the 

same final equations as the Bwald-Iaue-Zacbariasen foundation for the "Bragg case". 

A consequence of the Borxmann effect, namely that sufficiently thick crystal plates 

Jtv. ycf lec/f-io-ry) 

can exhibit a sharp peak in transmission^ was proved from theory for the conditions 
corresponding to its actual experimental observation made by Campbell in 1951, and 
even the shift between the settings for the two peaks was predicted from theory. 

The name "x-ray topograph" was coined by Prof. Eaman, and used by the author, for 
the first time in 1944, for a photograph obtained by x-ray diffraction showing 
variations of degree of perfection over the surface of a crystal plate. The polari¬ 
zation method of measuring the degree of perfection (A) of a crystal was evolved in 
the early 50's by the author and Ramaseahan in Bangalore, and applied for measuring 
A in later years by K.S. Chandraeekharan in Madras. The fact that the integrated 
reflection of a perfect crystal can, under suituble conditions, exceed that of a 
mosaic crystal of the same size and shape, was both theoretically predicted and 
experimentally verified for calcite in the early 1960's in Madras. 
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The essential difference between tbs kinematical *H the dynamical tfaecyy 
of x-ray diffraction is the following : 

In the kinematical theory, the incident wave is supposed to go an unchanged 
in amplitude, and the reflected waves from the successive lattice planes in the 
crystal add up to give the total reflected beam. Cn the other hand, in the 
dynamical theory, the transmitted wave field interacts with the reflected wave 
field and there are multiple reflections of the electromagnetic waves forwards 
and backwards from tbs lattice planes in the crystal, and the resultant trans¬ 
mitted and reflected beams are obtained as a result of such multiple interactions. 
It is not recognised that the occurrence of such multiple reflections from strati¬ 
fications, arising from repeated twinning at regular intervals, was observed by 
Stokes as early as 1885 in the field of optics and that the theory of "The 
Reflection of Light from a Regularly Stratified Medium" was given by Lord 
Rayleigh CO in 1917, almost contemporaneous with the Darwin theory [_2j of 1914 
and the Ewald dynamical theory [3,4] of 1916 and 1917, regarding the corresponding 
phenomenon in x-rays. The optical phenomenon, known as "iridescence" is observed 
best in seme crystals of multiply twinned potassium chlorate, and an example 
described by R.W. Wood was calculated to have some 700 alternations of refractive 
index, and a very high degree of regularity £0. 

The Darwin theory for a nan-absorbing crystal la given in great detail in 
their book an x-rays by Compton and Allison £ 5 ] (together with the extension 
undo by prims [6j to a crystal having absorption), but both these theories deal 
only with a crystal hawing an Infinite number of reflecting 
other hand, 1m 
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& 

B and I (the amplitudes of the fi n al l y reflected and transmitted beam^j, In **•"»«» 
of r and t, the reflection and transmission coefficients of a single stratifica- . 
tian), which are, in general, complex numbers. He obtained for these the following 
two elegant formulae : 


B = T - 1 (1) 

sixth njg sinhoi sinh (oL-mfl ) 

where 

r a t = 1 ( 2 ) 

sixth 0 sinh d> sixth (3+7*7 


Neither Darwin, nor Rayleigh, seem to have been aware of each other's papers, 
although, as we shall show below, the two theories are absolutely identical in 
content* It was in 1942 that Prof. Sir C.Y. Raman gave this problem to me, as the 
very first assignment when I joined him for research, after graduation. Ke showed 
me the beautiful recurrence relations, as given in (6.27) of Compton and Allison's 
book, which contain the essence of Darwin's theory and which have been solved for 
an inflirlte number of planes by Darwin after making an e::tra assumption (as became 
evident later — see below). He then showed me the above Eqs. (l) and (2) of 
Rayleigh, and asked me to derive these for a finite number of planes, using Darwin's 
recurrence relations, which are unquestionably correct. I am mentioning these 
details because it indicates how very often methods of approach adopted in one 
field are not noticed by persons working in other fields. Professor Raman was 
catholic in his interests, and equally at home in optical and x-ray diffraction, 
and it was at Ms suggestion that many of the studies discussed below were made. 


Very quickly, I was able to convert the Darwin recurrence relations into a 
series expansion leading to a polynowial f^(y), jfeere 

' ' A 

However* thin TOmmhMt 

.. . -A 




. 4 . 

lucky in discovering "the correct book for this purpose — namely Joley, ” Summation 
of Series* C?1 the library of the Indian Institute of Science, which contained 
exactly the series net with in ay problem. She wonder was even larger, wh en the 
sumed series led to results exactly of the same form as Eqs. (1) and (2), obtained 
by Rayleigh by an entirely different procedure. 

We sh a l l give this derivation below (see (8"3) very briefly. winiHr»g a slight 
change from Compton and Allison's book, and referring the amplitudes of the reflect¬ 
ed and the transmitted beams at the mid-points between lattice planes by H and T , 
we obtain 




which gave 


W ■ 'Bfr <w 

It was a very simple matter thereafter to obtain Eqe. (l) and (2), from (3), (7) 
and (8), using (9a) and (9b). 


It may be mentioned that this problem mas solved in about a seek's time, and th 
delay sas in finding out the right say of summing up the series f n (y), which 
was done an a Sunday when Joley's book was hunted out in the library of the 


Institute. 

2. Secondary Maxima from Rayleigh's formula . 

Experimental studies on the reflection of light from iridescent crystals of 
XClOj had been made in Prof. Raman's laboratory during the previous couple of years. 
Using a collimated beam and a pocket spectrograph, it was found that the spectrum 
of the reflected light contained a sharp maximum and that secondary maxima also 
occurred on either side, whose positions depended on the thickness of the crystal. 
Therefore, Raman suggested to me that I should work out the detailed intensity 
distribution in the reflected beau as a function of angle, assuming the wavelength 
to remain constant, for some suitable values of r and t. The results thus obtained 
for R a 2 are shown in Fig.1, reproduced from my paper ([83. It will be seen 

that the primary maximum builds up in intensity with increasing n, and that its 
sharpness also increases. However, the reflection curve has a finite width even 
for very large n. as expected from the Darwin theory. (This point was, however, 
missed by Rayleigh). Also, for finite n, there are, in addition to the principal 
■Mrimnij a series of subsidiary maxima, exactly as predicted by the Ewald-Laue ; 


theory of dynepd.0 x-ray diffraction, for the analogous "Bragg Case" (See Zeohe** 


that Hainan and Krlsbnamurthy photographed and measured these, and a typical 

_ sefefirtj'S 

example for KCIO, is shown in J) ig.2. The four n apeetra H are for diff erent sets of 

2 t\ 

polarizer and analyzer. The features to be especially noted are — (l) The lar ger 
breadth of the central maximum in relation to the secondary maxima , and (2) the 
asynmetry of the latter in some oases. 



In 1944, two years after the above-mentioned studies were made, I showed 00] ho 
Rayleigh's formula for a finite set of n stratifications can be used to derive Darwin 

A 

2 

Erins formula for (R| , by setting n —including both the real and imaginary 
components of the refractive index, as was done by Erins. Very soon thereafter, the 
beautiful book on "X-ray diffraction in crystals" by Zachariasen [li], which was 
published in 1945, reached us in India. I took this book as my bible for the subject 
of dynamical x-ray reflections, and I read it from cover to cover. As a result, it 
came to my notice that the Ewald theory, which Zachariasen had converted into a 
form suitable for practical applications, does not give exactly the same rocking 
curve as the Darwin theory for a perfect oryetal of infinite thickness (see p.142 
of Zachariasen*8 book). Obviously, both cannot be correct, and so I examined the 


origin of the difference, and was able to pinpoint it to an extra assumption made 

by Darwin, namely that T g = T^ x 8 , in his derivation of R = (H 1 /T 1 ) and 

T s Lim (T ^A.j )• While this is valid for the region of perfect (1005?) reflec- 
n— 

tion, it was found to be not true for the part of the rocking curve outside the 
central Wama the exact Rayleigh solution of Darwin'* conations (for 

whidb no such assumption is made) ia taken to. the limit^^Mil, and the to tWj jHi 
is aysreged over the' fringes, 




It is interesting that) in spite of the above result having been published in 
icta Crystallographies in 1948, in a paper [ 12 ] forwarded from Prof. Bragg's labo¬ 
ratory in Cambridge, and the fact that Prof. Enald himself approved the result (as 
mentioned in the paper), Piheker £.23] in 1978 quotes Elg. 3.16 of Zaeharlaaea's 
bode in p. 262 of his book, and states that the Bwald and Darwin theories give 
different results. I hope that the present review will rectify this false impre¬ 
ssion (See next section where the analytic forms of the results, derived 
the Enald—Leue formalism, and the Darwin—Rayleigh formal! an are shown to be 
exactly identical). 


b) Practical applications 

Because of the familiarity with the dynamical theory of x-ray reflections, 
as given In Zaehariasen's book, I worked out from it various formulae on mosaic end 
perfect absorbing crystals, that are of practical use to x-ray crystallographera 
while I was In Prof. Bragg's laboratory, although I waa actually working on a ■ 
different subject, namely diffuse reflection of x-rays, as my formal assignment. 

Hi'Citi’i 

I then came to understand that Dr. P.B. Hteeh of the same laboratory, waa also 
working an the same problem, and had obtained results quite similar to mine. 
Therefore, we two put our heads together, and wrote a paper £13^ for Acta Czyst. 
in 1949 on the integrated intensities of perfect and mosaic crystals under various 
conditions (for the Bragg case). This paper is widely quoted in the later litera¬ 
ture an this subject, for it contains many results of practical utility. 
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theory* which appeared la Acta Cryst. 00 * reached us. Immediately, the Zaehariaeen 


presentation and the Ieue presentation of the Ewald dynamical theory were assembled 
together and the two formulae were written side by side by me* and shown to be 
absolutely identical, in content (as is to be expected). However, it was Interes ting 
to find that the Laue presentation could be written in such a manner as to lead to 
formulae which were symbolically of the same form as those derived from the Hayleigh. 
theory. This was published in a paper In Eroc. Indian Acad. Sei. In 1952 Of]. In 
this paper, the theory of both the "Laue" case (internal reflection) and the "Bragg" 
case (surface reflection) were examined. The principal result deduced was that a 
sharp mmri iYmm occ urs in the transmitted beam in the 'Laue case 1 , very close to the 
setting for the peak in the reflected beam, provided the crystal is absorbing and the 
crystal is sufficiently thick, so as to make yet » 1. Although Laue had shorn 
that such an "anomalous transmission", which was first observed by 3orrmann in 1941; 
could be explained by the dynamical theory, our attention was directed specifically 
towards a paper by Campbell £lsQ which appeared in 1951, and which described the 
occurrence of such a sharp maximum in the transmitted beam, observed using a double 
crystal spectrometer. We felt that if experiment shows ouch an effect and the kine- 
matical theory does not at all predict anything like that, then the only refuge is 
the dynamical theory. Therefore along with Dr. Kartha,' I examined the dynamical 
theory In great detail and we were able to prove that a sharp maxima almost am large 
am that in the reflected beam will be expected also in the transmitted beam, la 
gave this pheameam the name x-ray "anti-reflection". Pig. 5 shows the results 
calculated for the conditions of the specific experiment of Campbell'a, taken from 


my paper which appeared fk Journal «f Applied fhyeiea C»3, wbioh Show e d ;«3Lf» 


0 /*' 

Bitted beam which isjfabsolutely fundamental condition required la the dynamical 
theory. 

It is interesting that, quite Independently, Hlrsch [2lJ bad also worked some 
of the results mentioned above. However, Hlrsch did not consider the "Bragg case" 
in hie paper (jzf), but we showed that, when the Ewald-Leue formulation of the 
dynamical theory is worked out carefully, expressions identical with the Bayleigh- 
Dsrwln formulation are obtained £l7[{. 

(dl Identity of the Ewald and Darwin formal at ions (for the "Bragg ease" — 

\ 

surface reflection.) 

We shall only draw attention to the relevant equations In Ref. DtJ. the 
expressions for R and T for a general (asymmetric) surface reflection are : 


%h 

sinh x 


sinh (u+x) 


1 2 2 
exp r-2TTikD ( J_ - $1*$2 ) KhUi vl (ll) 

2 slnh (u+x) 


(see Ref. for the notation, which is an extension of that used by lane. In 
fact, Ref. contains also a glossary giving the corresponding symbols in the 
laue and Zaohariasen notations). 


When the reflection is symmetric, 
expressions in (12) below: 


W ■ I x eI 


and (l<^and (ll) reduce to the 


( 2 2 
* j = elnh u 

sinh (u+x) 


( 12 ) 


These Bay be compared to the following expressions w hich follow from Bqs. (l) and 
(12) fair the Bsyleigh-Darwln formulation of ours £8), namely 1 
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exactly the same as u and i In (is), indicating once again what was pointed out fay 
me earlier, namely that the Ewald and Darwin approaches are absolutely identical in 
content, In spite of their apparently very different mathematical approaches. 


Integrat ed reflection and antireflection (transmission) in the Lane caee 

Although these were worked out partially fay Hirsch £ 21 ], a mofe exac t formula¬ 
tion than Laue's 06 *], avoiding certain approximations employed by him, was obtained 
by me in 1954 08), and fay Eato £22*]. the next year. Using these, elegant expre¬ 
ssions for the integrated reflection and Integrated transmission were worked out 
for a variety of cases. Although both my theory and Kato's are reviewed and pre¬ 
sented by Pinsker ( £ 23 ], Sections 4.6 and 4.7), since the formulae in my paper, 
whi ch appeared in Proc. Indian Acad. Sci., ere not available therein, I am quoting 
one or two here for ready reference, because of their elegance. Thus, for the 
T<ai» case of an absorbing crystal of finite thickness, using the Zacharlasen para¬ 
meters y, g and k, we can obtain the following formulae for R and T. (Shades of 
the Rayleigh-Darwln formulae (12) for the Bragg ease may be seen In these): 


R 

I 


where 


X 


8 


■ e ~ P . f cosh (I Bn X) - cos (£ Be X 

2 |X | 2 L 

e" P (l-ric 2 ! ] cosh (| BnX-2 + cos (| ReX-2 ^J] 
2 |X | 2 


(14) 

(15) 


[(y 2 r a 2 G 2 + 1 - k 2 ) + 2 i (k + ay&jj * 

«/a 


(16) 

( 17 a) 


where a is the asymmetry factor 


a - (l-b)/(l+fa) (17b) 
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(i) Sranetric reflection ( -WO- 

Ibe convenience of this elegant notation jfe seen from the followihg two 
expressions for the case of a symmetrical reflection (a a o), with k 2 « 1, for the 
inteerated Befleotlan (8^) and the Integrated totirefleotian (T y ). 


■ V ■ 

e- p 

T 

- f* -» 

(20) 

v ■ 

TTe“ P J 

rr ^ f i o (x) ■ * z 0 (^ * 1 * 



- 4 

P/G <n 

I 0 M to J 

(21a) 

where 

3 ‘ - 

a 2 + (k/G f 

(21b) 

and I Q (x) and !,(*) 

are Bessel functions of imaginary argument, namely J Q (ix) 


and J^(ix). 

(ii) thin crystal, weak reflection, large absorption and asymmetry 


Under any of the conditions mentioned above (viz. F small, or G large), 
we obtain that 

■v - S»' ? <»> 

and this expression is identical with the corresponding expression for a mosaic 
crystal. jjSee Ref. [,183 for various intermediate cases!} This is the reason why 
extinction corrections become unimportant except for very strong reflections, if 
the crystal size is small enough. 

She theoretical studies reported in this section formed the basis of a number 
of experimental investigations in our laboratory in Madras, on the degree of per¬ 
fection of a crystal under a variety of conditions, and these are briefly reviewed 
in the next section, • . ■ " 

4. Integrated asflectloa and'its Tsrtation with Moeeioity ; V- 

(a) I-ray topoarwahs .• 
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less than a mosaic crystal of the same material, and that R Increases with 

7 

Increase of mosaieity, or occurrence of imperfections. A simple method of dis¬ 
playing the variations in the degree of perfection over the surface of a crys tal 
plate was suggested to me by frofessor Raman, In 1944. The lane (internal) reflec¬ 
tion from a Unsrn (hkl) planes, approximately at right angles to the surface^-ie 
chosen, and a divergent beam of x-rays from a pinhole is obtained by having a 
defocussed source of finite area for the x-rays. (The defocussing was possible 
because we were working with a demountable x-ray tube, in which the distance from 
the filament to the target could be altered.) Then, an x-ray diffraction image of 
the whole crystal surface car. be obtained on the film, kept at a suitable angle to 
the direct beam, corresponding to the Laue (white radiation) epot £ 24 ]. The name 
"x-ray topograph" was given to this image, since the variations of density in the 
image will correspond to the variations of R^, and her.ce of the degree of imperfec¬ 
tion, over different parts of the crystal. Two topographs of diamond (ill) cleavage 
planes are shown in Fig.4, taken from Refs. L24 , 253. There is a central region of 
larger intensity in the triangular x-ray topograph (Fig.3(b)) of D 180 (Type I), 
which corresponds to a similar central region of Increased blue luminescence of 
Fig.4(a). On the other hand, the diamond plate D 181 exhibits a streaked birefrin¬ 
gence pattern between crossed polaroids, as shown in Fig.4(c), which corresponds to 
streaks of yellow fluorescent Type II diamond in the Type 1 plate. The close simi¬ 
larity of these streaks to the pattern of streaks in Fig.4(d) of the x-ray topograph 
of the same specimen is remarkable. Several such examples can be seen by examining 
the publications from Prof. Raman's laboratory In 1943-45, on a large number of 

diamond specimens from bis collection. 

In fact, it was Professor Raman who suggested the name 'x-ray topograph* for 
such a representation of the variation of x-ray reflection intensity oyer the area 

.. .-. 13 ' 
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of a crystal plate. At that time (1944), I was not aware of any earlier work of 

a similar nature, although in the 1960's, I came to know of the work of Ber g £ 26 , 27 ], 

who however had used surface ("Bragg type") reflections for this purpose by mrfwg the 

Una focus of an x-ray tube. However, he called his pictures 'images' and, to the 
/ 

best of my knowledge, the word 'x-ray topograph', which is widely used nowadays, 
was employed by me for the first time in 1944. Also, our technique of using white 
radiation was quite different from Berg's technique using monochromatic radiation. 

In fact, Z went further, end using different specimens of diamond from Daman's 
collection which were all blue-luminescent (Type i), but had different Intensities 
of fluorescence, I could show £ 20 ] that the width of x-ray reflection for Cu Ksd 
had .a positive correlation with the intensity of luminescence. She luminiscence 
is known now-a-doys to be caused by inclusion of impurity atoms like nitrogen, which 
would definitely lead to imperfectiona, and the correlation is understandable. 


fb) Degree of perfect ion using polarized,x-ra^a 

As is well known, R is proportional to J?| for a perfect non-absorbing crystal, 

y 

2 

and proportional to fP{ for an ideally mosaic crystal. Hence, if polarized x-rays 
with different azimuthsj^are used, the ratio f =» R^j/R^ ^ will be different, namely 


and 


cos 6 for the perfect (non-abeorbing) case 
2 


(23a) 

£ = cos* 9 for the ideally imperfect case (23b) 

2 

If the crystal is absorbing, ? pA < cos 6, but still greater than cos 9 for 
Hence, if we measure for a crystal of unknown degree of perfection (A), then 
we can define A by 

A n e ° 1 .f«L (24) 

fpA ‘ flU 

Bile i de s can also be applied for any azimuth 0 of polarization. A polarization 
spectr ome ter to oheck thie idea waa built by Ramaaeshen. and ms in the early 
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1950*8 [29» 3<0 using the 440 reflection of caleite (Bragg angle 43°58*). The 
technique was further developed and applied for assessing the degree of perfection 
of a crystal in various ways by K.S. Chandrasekaran in my laboratory in Madras (to 
which I had moved) in the succeeding years. A brief review of these studies is 
available in £ 31 ]• (it is interesting to note that, by using the 311 reflection 
of copper (Bragg angle $ = 45°6 1 ), Chandrasekbaran was able to get almost perfect 
polarisation £ 32 ], and the paper, reporting the results thus obtained, was highly 
contended by Prof. Compton in a letter to us in Madras.) This polarisation tech¬ 
nique was also applied by S. Chandrasekhar in Prof. Bragg's laboratory in London, 
especially for the evaluation of extinction corrections — see £333 for a review 
of these. 

(cl Mosaic versus perfect crystals 

In the above studies of K.S. Chandrasekharan, p pA from theory, was always 
calculated using the relevant formulae obtained using the dynamical theory such 
as those reported in [_17], [l6]. In this connection, the question was raised whether 
P pA can be larger than P ^ under any conditions. The answer, in the case of an 
internal reflection ("Iaue ease") was 'yes', as obtained from theory, provided 
the crystal thickness was of the right order. This apparently strange result was 
published in Nature by myself and Parthasarathy jjJ4j, which contained the curves 
of log P_. and log f„. versus thickness (t) for the practical case of the 211 
reflections of calcite. The same year, we carried out experiments, using near 
perfect and mosaic crystals of calcite of various thicknesses, and obtained results 
confirming the theoretical values almost completely. These were presented at a 
Symposium an Crystallography and Crystal Perfection held in Madras in 1963, which 
was attended by Bormann, Bscninger and Kato, and was published in its Proceedings [35ji 
(See Pig.£ reproduced from Bef. £353)• The theoretical curves alon^fef this figure 
were also given in Bef. [ 34 }. 


..15 
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By this time, the Interests of our laboratory at Madras had turned to war ds 
the structure of proteins and other biopolymers, and we stopped working bn the 
dynamical theory and crystal perfections* However, recently in 1978, my attention 
was directed to a paper by S*V* Wilkins [367, forwarded by Sir Peter Hirsch to the 
Eoyal Society, which mentions, as being new, the theoretical result that "if absorp¬ 
tion and anomalous reflection are both large, then for some range of parameter 
values the integrated reflectivity for a perfect crystal can exceed that for an 
ideally mosaic crystal” (italics as in the quotation). Surprisingly, neither of 
our above two papers [34, 35fJ» where this had not only been calculated from theory, 
but even established experimentally (fifteen years earlier), are mentioned in this 
paper. 

I hope that this brief review of our contributions in the field of x-ray studies 
of crystal perfection will be of interest to workers by bringing to their attention 
sane unnoticed results and observations related to these. 
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Kjgure^Cagtiwis 

Hg,1. Variation of reflection coefficient (= |Rj/T. ] { 2 ) with an gts e for a 
typical example, having the number of stratifications (n) varying from 2 to 100. 
Note that, although the central maximum increases in intensity, its width reaches 
a lower limit, and does not decrease indefinitely with increase of n. 

Big. 2. Observed reflection "spectra" fraq£ multiply twinned KCIC^ plate, for 
different polarization states. Bote the larger width of the central maximum 
than that of the subsidiary maxima, and also the asymmetry of the side bands, as 
expected from theory. 

gig*3. "Reflection" (full line) and "anti-reflection" (broken line) peaks as 
calculated from theory for the 211 internal reflection of calcite of sufficiently 
large thickness, corresponding to Campbell's experiments. Note the shift in 
angular setting between the two peaks. 

( a) Luminescence pattern and (b) x-ray topograph, of D 180, a blue-li 
nescent, Type I diamond plate; (c) Birefringence pattern (under crossed polaroids) 
and (d) x-ray topography of D 181, a Type I diamond plate, with Type II inclusions. 
The correspondence between (a) and (b), and between (c) and (d), is worth noting 
(See text). 

Big.5. Variation of the logarithm of Pp A and P^ with t for the calcite 211 
internal reflection. Note that the former can be larger than the latter, and 
the experimental points are in support of this. 
















Log p (arbitrary units ) 
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Studies made in the Mathematical Philosophy Group (1978-82) 


Dr. Ramachandran went for a visit to the National 
Institutes of Health, Washington D.C for a year from 1977-78 
as Fogarty International Fellow, and during this period he 
had intense discussions on molecular biophysics and molecular 
biology with workers in various laboratories in USA. As a 
result of this he felt that one could not work on the 
advancing front of knowledge in these subjects (even from the 
theoretical point of view) with the limited facilities for 
computation that is available in India. Also, the Molecular 
Biophysics Unit which he had built up in Bangalore had reached 
an excellent viable position, with three or four workers of 
international standard, so that his leadership was no longer 
necessary for the Unit. In view of all these, he decided to 
change his subject of study and decided to work on some 
problems in the fundamentals of science rather than on any 
particular branch like molecular biophysics. This change over 
was approved by the Indian Institute of Science and he was 
given a small group called Mathematical Philosophy Group with 
two or three assistants and plenty of funds for books and 
computation. 

During the last four years since 1978, the work of this 



Mathematical Philosophy Group has been directed mainly towards 
Mathematical Logic and partly towards studies on the Theory of 
Knowledge in which the ancient Indian approach to this subject 
was also followed up. The work done was mostly published in 
the form of 25 articles turned MATPHIL Reports 1 to 25 which 
are listed at the end of this short summary of the activities 
of this group. A few papers have been sent to journals and 
these are also listed along with the reports. 

The studies can be most conveniently divided into the 
following parts: 

1. Vector-matrix representation of logic and its 
application to computerization of logic. 

2. Essays and translations of ancient Indian texts 
in the light of modern philosophy, especially 
epistemology. 

3. Pure mathematical studies on Fourier Transforms. 

4. Studies on X-ray crystallography directed towards 
the development of a new technique of Structure 
Analysis. 



•3* 

Mathematical Logic : It is well-known that the simplest type 
of logic, called Propositional Calculus (PC) is based on two 
states of any logical sentence, namely true (T) and false (F). 

While attempting to represent these states by the presence of 
voltage in two lines, designated /, and J2 f of an electronic 
circuit, it came out that there must be two more states that 
must be included — namely doubtful (D) and impossible (X). 

The («£ JJ) notation for the four states are thus, T ■ (l 0), 

F-(0 1), D s (l l) and X o (o 0). Then, one can talk of 
Boolean 2X2 matrices as interconnecting such vectors. This 
gives a satisfactory mathematical representation of all the 
logical connectives like "and", "or", "if", "nand", "nor", 
"equivalent" etc. Any logical statement becomes an equation 
in Boolean algebra of genus-2 (BA-2) and the process of logical 
analysis, using the mind for testing the validity of an 
argument, is very simply done by working out multiplications 
and additions and checking the result for (^ J5). It gives 

either truth, falsehood, or the possibility of there being 
either truth or falsehood (which cannot be resolved with the 
data given) which is the picture of state D ■ (l l) in this 
logic. The idea of universal doubt and its clearance to give 
T or F was the central basis of the epistemology of Jaina philosophers 
of ancient India. Their so-called "syad-vada" was based on these 
ideas. Therefore, the name SNS standing for syad-nyaya-system 
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has been given to the extended propositional calculus of 
logic which can be represented isomorphically by BA-2 
(syad ■ may be ; nyaya ■ logic in Sanskrit). 

The impossible state X » (0 0) serves the purpose of 
checking for contradictions. If the output of an equation in 
logic is (0 0), then either one or more statements that led 
to it are wrong, or the argument itself is invalid. The precise 
place where the contradiction originated can be tested by 
reversing the argument. The existence of X is detected by 
making use of a new logical operator V (vidya) (different from 
A (and)). This operator V also seeks out the common state that 
is present from two statements giving the logical state of the 
same term - TVT-T, T V D « T, F V D * P, DVD-D etc. j 
This again is a classical concept in Ancient Indian philosophy— h 
Knowledge (or Vidya) is obtained by the resolution of doubt. 

i 

I 

These ideas of SNS have been written in a computer program j 
and have also been incorporated in an electronic machine on ' 

which logical arguments can be tested. 

The above ideas developed for PC has been extended to 
Quantified Predicate Logic (QPL) by working out an isomorphism || 
between it and Boolean Algebra of Genus 3 (BA-3). The six-elemen| 
Boolean vector ( & ) (y’ £ £*)& ?) of standard QPL is converted 
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into a canonical form (VS 6) of BA-3 and then it is discovered 
that QPL has four more states than the four standard ones—namely 
"all" ( V" (1 0 0)), "none" ( $ » (0 0 l)), "not all" 

(A - (0 1 l)) and "there exists" ( 3 * (l 1 0)). The 
algebra of their interconnections is via 3X3 Boolean matrices, 
of which there are 64 of each kind — e.g. >$(l, 6) corresponding 
to " V and 3 ". In addition the vidya operator V , is defined 
in this also as V lb = (a r a € ) <S) (fy ^ \)« 11x18 

leads to a new state "some" ( £ » (0 1 0)) in QPL. Ve call 

the logic containing this and other new states isomorphic to 
all eight vectors of BA-3, as extended QPL (EQPL), and the 
principal ideas of EQPL have been worked out. 

Here again the state "some" (= doubtful, but neither 
true, nor false) had been postulated by the Jaina philosophers 
of two thousand years ago, and given the name "avaktavya" 
(indescribable) in addition to the two common states "true" and 
"false". 

The above have been written as Fortran programs. Studies 
are proceeding to make the computer itself reverse an argument 
and discover consistency or contradiction of any set of 
arguments in SNS and/or QPL, and also to point out the exact 
place of origin of inconsistency. 



Epistemology: The above studies on logic led to the 
consideration of problems in epistemology. This approach is 
in the spirit adopted by ancient Indian philosophers, who 
never separated logic from the information content in a 
statement — just as grammer cannot be completely divorced 
from knowledge. A study of logic alone is barren; but logic 
can give intimate understanding of some of the puzzling aspects 
of knowledge. Thus, considering the nature of Supreme Knowledge, 
i.e about the Supreme Being that controls the Universe — we 
get into paradoxes. We know it, yet we do not know it 
(Kena Upanishad ). To the question "Do we know it? n the answer 
is "no 11 and "yes" at’the same time. If we stick to pure logic, 
any statement must be either true or false and the above statement 
becomes a contradiction, since both its affirmation and negation 
are said to be valid. However, SMS logic has a state in which 
the knowledge may be either true or false, without being 
contradictory. The negation of this state D is itself again D 
so that we get the equation D »1D. Thus, the introduction 
of the doubtful state into logic immediately resolves the 
apparent paradox of statements in kena upanishad . which have 
always puzzled the scholars of the Theory of Knowledge. Here 
is a case where the Indian philosophers knew the essence 
regarding such a logical state, without studying explicitly 


about it. 
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In the same way, Jains philosophers had understood the 
QPL state "some", to which they gave the name "avaktavyaya'*. 

In the present century, the existence of theorems, which can 
neither he proved to be false nor proved to be true, was 
demonstrated by GSdel; and this is considered to be one of the 
highlights of modern logic. The consequence for epistemology 
is whether this is a paradox in the theory of knowledge — 
that knowledge can never be complete and theorems exist that 
can be neither proved nor disproved. By introducing the state 

"some 1 * (which is essential for isomorphism with BA-3), the 

n . 

Godel state (as we may call it), has been made into an 

acceptable state of EQPL. Neither the logic, nor the knowledge 

dealing with such theorems or statements, makes Knowledge 

itself defective in any manner. In fact. If one goes to BA-7 

and higher order Boolean algebras, then very many more 

surprisingly complicated states can be included in logic. 

Thus, in summary, there is much to learn from ancient 
Indian philosophy even today to improve the subject of 
epistemology. 

In this connedtion, the Kena Upanishad has been translated 
into English verse and an article has been written on it, and 
on deduction according to Indian logic. 
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Fourier transforms : Dr. Ramachandran was trained in the 
subject of Fourier transforms when he worked under Prof. 

Sir C.V. Raman in the 1940s. As is well-known, diffraction 
theory is nothing but Fourier analysis, and various problems 
in diffraction which he worked with Raman enabled him to study 
Fourier transform theory rather intimately from the applied 
mathematics point of view. During the last couple of years, 
he and his group extended the idea of differentiability of 
order n to the situation where n —^ oO . It was shown 
that, if the differential coefficient d^/dx 11 exists for 
n •= ©o, then the function must be the Fourier transform of a 
"physical function". By a physical function is meant a function 
that is absolutely integrable and which is bounded in its 
support. Both these conditions are true of any real physical 
body, because it must be finite in dimensions, and finite in 
the value of its mass (mass being used as a word to indicate 
any physically measurable quantity). A number of studies were 
made on the Fourier transforms of physical functions, and 
it was shown, for instance, that such a function must also be 
infinitely oscillatory. 

X-rav crystallographic structure analysis: Following up the 
studies on Fourier transforms, a new approach towards the 
1 n jtl«l steps in crystal structure analysis was developed. 



This directly uses the intensities of reflections and 
approximates the structure by a grid of atoms at positions 
having coordinates equal to rational fractions of the unit 
cell dimensions a, b and c. Only the strength (m^) of the 
atoms i at (x^, y^, z^) are allowed to change and a standard 
least squares type of calculation was found to reduce the 
R-value regularly even down to 0.25 or less, for two-dimensional 
structures, starting ab initio with random m^'s. The essence 
of the method seems to be that both the original structure 
and the grid-approximated structure must have a large 
temperature factor B in the initial stages. The method is 
still under development; but it appears to show promise. 
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As we all know, the interaction between physics and 
mathematics has been to the mutual benefit of both right from 
the early dawn of civilization. I will not deal at all with 
the early development of science in various countries like 
Greece, India, China etc., but deal mainly with the situation 
as it exists today, when every physicist has to be a mathematician 
to do good physics, whether it is purely theoretical physics, 
or experimental physics based on observational data. In view 
of this, I shall deal with three main types of mathematics that 
a physicist always needs, namely. 


(a) Mathematical Physics. 

(b) Physical Mathematics which is a subdomain of 
pure mathematics, not all of which is needed 
in physical theory. 

(c) Physical Basis of Mathematics. Under this I shall 
try to show that the purest of pure m athe m atics 
has its basis developed essentially from physical 
observational techniques. 


■“This article is a summarized version of the talk with the above 
title delivered at the Punjab University, Chandigarh, about.a 

S ar ago, under the auspices of the Indian Physics Association• 
e article will highlight the main points diseased and will 
not contain all the details of the original talk. 
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(a) Mathematical Physics: Physicists always require a precise 
formulation of their theoretical ideas for working out the 
consequences of such ideas. Although there have been great 
scientists in the last century who did much of their physical 
deduction purely from ideas and concepts (for example, 

Michael Faraday for electromagnetism), it is always convenient 
to convert any physical theory into a set of formulae expressed 
in mathematical symbols and thereafter treat these as problems 
in mathematics for obtaining the solutions that are required — 
namely the consequences whose nature and magnitude have to be 
obtained. In this sense, mathematics is used as the tool by 
the physicists. If I may say so, if, as is often said, 
mathematics is the Queen of Science, physics should be called 
the King of Science who rules over the queen. In fact, many 
branches of pure mathematics such as trigonometry, algebra, 
differential and integral calculus, all had their origin in the 
requirements for discussing in. a precise manner various 
observations in science. Perhaps, the culmination of these 
was the Lagrangian formulation of mechanics which, along with 
Newton's Law of Gravitation explained almost everything that 
was known at that time in the field of celestial mechanics. 

In this connection, a perusal of Fig. 1 will be very 
interesting to indicate how observational data are converted 



into a theoretical formalism and then used for deducing 
consequences. If all the consequences agree with observation, 
then everything is good; but some of them will not be included 
in the formalism first worked out, in which case these are 
added to the original set of observations to reformulate the 
theory so as to contain them also and once again fresh mathematical 
theories worked out. This process as indicated by a do-loop in 
Pig. 1, is continuously to be repeated, and very simple 
considerations will show that it can never be completed. It is 
like what Newton said — namely that he was only a child gathering 
pebbles on the seashore while the whole of science was there out 
in the ocean. 

To indicate an example of the going over from physics to 
mathematics and back to physics again, we shall mention only 
one or two cases. As is well known, physics was considered to 
have been brought to a completely satisfactory state by the end 
of the 19th Century. However, the observation that the perihelion 
of mercury was precessing and cannot be explained by Newtonian 
mechanics was a dilemnafor scientists for some time. The solution 
to this did not come from pure mathematics because as I had said 
earlier, ma thema tics needs the background of observational data 
to complete its full development. (I am sure most mathematicians 
will disagree with this, and say that mathematics is a process, of 



.4. 

mind and does not depend upon observation for its development). 

In this particular case, the Special Theory of Relativity and, ever 

more, the General Theory of Relativity of Einstein, which were 
% 

essentially physical ideas, founded on mathematics gave a 
satisfactory explanation of most of astronomy and dynamics that 
was known at that time. It is a moot point whether Einstein*s 
theory is in physics or in mathematics. The two are intimately 
intertwined and while the ideas of the theory came from the 
physicist's mind, the formulation of them for use by others was 
possible only after they were fully converted into mathematical 
equations. As everybody knows, the idea that space and time are 
interchangeable between different Lorentz frames was an enigma 
for many scientists of the 1900's. Even more, the curvature 
of space in the general theory was something that only the 
experts knew and could manipulate with. However, the beauty of 
the theory is best appreciated by looking at the simplicity and 
the generality of the mathematical framework. In this sense, 
mathematics gives a covering and a beautiful dress to physics 
in order that it can go about and be of service to scientists 
in general. 

(b) Physical Mathematics ? Under this heading "Physical Mathematics"* 
we shall merge two topics which are closely interrelated, one of 
whi ch is pure mathematics and the other is essentially pure physical 
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In the realm of mathematical physics. Talking of Fourier 
transforms, it can be considered to be a purely mathematical 
subject. In that sense, we take two spaces — the real space x 
and the reciprocal space X — such that we get the well-known 
Fourier transform equations 


F(X) 



exp (i2irXx) dx 


f(x) 



exp (-i 2ITxX) dx 


( 1 ) 


( 2 ) 


As is well-known, the idea of Fourier transforms first appeared 
as Fourier series for a periodic function for which the first 
of the above equations takes the form 


F(H) * f f(x) exp (i 21TH x) dx (3) 

and the second becomes 

+ «o 

f(x) * £ F(H) exp (-i 21TH x) 

H«-o0 

and the function f(x) is repetitive with a period of unity, 
Thp subject arose from a study of' periodic phenomena and was 
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used in the conduction of heat, vibrations of strings and 
of bodies in general which have periodic variations* 

The mathematical theory of Fourier transforms was very 
well established even a century ago; but yet it had to incorporate 
new types of functions during the last ffiftyn years. This was 
essentially in the field of quantum mechanics, wherein Dirac 
introduced his famous 8-function, Six • a), and the Fourier 
transform of it has the form exp i 2ft Xa The ^-function, 

from its very definition, is a well understood "physical 
function" of a quantity which exists only at the point a and 
whose total "mass", or integral, from (a - S) to (a +£) is 
unity. However, it; is not bounded' in value" . and does not 
come within the range of orthodox mathematics. 

We have used the word "physical function" in connection 
with ^-function. A very general definition of a physical 
function is one for which jj*°|f(x)| dx is finite, and also 
for which |f(x)| - 0 for all lx|>a, where a is finite. In 
simple words, this means that the object has finite extension 
in space and its density integral, or "mass", is finite. As 
we know, all objects thought of in physics are of this type, 
although both forward Fourier transforms and inverse Fourier 
transforms use int egrations from — oC to + »0 • 
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Some of the theorems connected with Fourier transforms 
of physical functions are implicit in theoretical physics. 

The process of obtaining the Fourier transform is sometimes 
called "harmonic analysis" as it gives the values of the amplitude 
of the waves whose superposition gives the object. However, it 
was only in the 1920s that the full application of harmonic analysis 
was made to all matter and its interaction with radiation. It 
first arose as an experimental, or physical, idea due to de Broglie, 
who said that a particle with a momentum p has a wave nature 
associated with it with its wave length !\ ■ h/p. It then stands 
to reason that the distribution of the mass of the particle can be 
obtained as a superposition of all the possible waves that occur 
associated with it. When the idea is applied in mathematical 
terms, it is found that it is not the functions f(x) and P(p), 
which express the densities in the coordinate space and in the 
momentum space, which are Fourier transforms of each other. 

Instead, they are related in terms of two functions ^Kx) and 
X(p) (both of which are complex) and which are related according 
to equations (1) and (2), and P(x) ■ Jy(x)|^ and P(p) - |X£p)|^« 
This leads almost imme diately to the famous uncertainty principle 
of quantum mechanics, namely 

£x &p 4 2^ (5) 

It is not very difficult to derive most of the basic and 
essential equations of quantum mechanics from just the above 



mathematical interpretation of de Broglie’s essentially 
physical concept of the wave nature of matter. 


The above arguments will Indicate that while mathematical 
equations can be written, the physical interpretation of these 
is what gives them life and substance, and very often these 
physical ideas may lead back to improvements or new results in 
mathematics itself. We shall mention only one such example, 
which has been obtained by our laboratory during the last three 
years. This is that, if the function f(x) (which can be extended 
to three dimensions) is absolutely integrable and is of bounded 
support, then, the Fourier transform function F(X) is infinitely 
differentiable, and vice versa. We shall not definft infinite 
differentiability except saying that 


Lim 
n —»oO 


x/ 

d n F(X) M 
dX 11 


finite 


( 6 ) 


This concept which is a very eminently physical concept — 
differentiation is very well understood as a physical operation — 
has several ramifications connecting it with the theory of complex 
variables and what are known as entire functions of the 
exponential type ih. functional analysis. In fact, we have 
also shown that Fourier transforms of physical functions are 
infinitely oscillatory and some derivative of the function F(X) 



.9. 

has finite amplitude of oscillation even as X —■> oO . in 
fact this theorem is directly connected with the property of 
the function f(x) (of which it is the Fourier Transform), 
namely that the derivative of some order n (f^(x)) has a 
^-function distribution as part of it. 

As is well-known, both the &-function and its Fourier 
transform are not acceptable as "functions" according to the 
rigorous pure mathematics; but it is implicitly accepted by 
every physicist that a physical function has a Fourier transform. 
We feel that our theory actually proves this with mathematics 
of fairly high rigour. (The so-called theory of "Distributions" 
of Schwartz, and of "Generalized Functions" of Gel-Fand are 
available, but they are based on complicated mathematics, while 
our theory is based on simple physical principles, expressed in 
a suitable mathematical formalism.) 

(c) Physical Basis of Mathematics : This brings us to the 
question, "Is the full machinery of rigour of pure mathematics 
necessary for physical applications?" Associated with this, we 
shall ask the question, "Which is earlier in its fundamentals— 
Physics or Mathematics?" It is our view that it was physics 
that led to mathematics and that concepts in mathematics are 
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abstractions, made by thought, of physical phenomena. Take 
for example, the simplest concept of "number"— 1, 2, 3, 4 etc. 
Actually one can only count one book, two books, three books 
etc.; or one stone, two stones, three stones etc. But the 
concept of 1, 2, 3 etc., as numbers which have certain properties 
common to all these examples is an abstraction of the mind from 
observation of matter, We wish to assert that the mathematical 
concept could not have arisen but for the observation of nature 
by the senses. The sense impressions that went into the brain 
were then subjected to analysis and concepts were created, 
understood, transmitted and made into a different discipline — 
namely mathematics. 

Actually, every branch of mathematics has arisen essentially 
from physical observations. Thus, Euclid's geometry came out 
of the examination of objects and their shapes and extensions. 
Algebra arose from numbers by one more degree of abstraction 
and the association of symbols like x, y, z to any number 
whatsoever having certain restrictions. Later developments in 
mathematics were products of mental imagination but always one 
can ask the Question, "Does not each branch of mathematics have 
a physical basis as origin?" For example, abstract group theory, 
which is a branch of algebra, has its correspondence in the 
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theories of symmetry of real or imaginary objects, and the 
elements of a group can be represented by rotations in 
n-dimensional space. Here the distinction between pure 
mathematics and applied mathematics, or physics, is very thin, 
because many fine theorems on group theory have been suggested 
by the representation of it in terms of rotation and reflection 
operators, which are again represented by matrices acting on 
vectors. In fact, for many physicists,, pure group theory is 
something which justifies all that they do, although the things 
with which they operate are physical in nature and even understood ai 
imagined as such. 

This brings us to the question whether all of mathematics 
has in fact originated from physics. Some very recent work in 
our group has indicated that even the purest of pure mathematics— 
namely mathematical logic — can be given a completely 
understandable and picturizable appearance by representing logical 
states and logical connectives by algebraic elements and operators 
acting on them, which again can be interpreted by Boolean vectors 
and Boolean matrices multiplying such vectors. We have shown 
in fact that the whole of logic can be described in terms of 
Boolean vectors and matrices. While doing this, the method of 
appraeh that is adopted is that of a physicist — namely thinking 
of logic as the "Science" of Reasoning or Thought, and bringing 
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out physically each law that holds in this science, and then 
giving the concept a "local habitation and name" in terms of 
Boolean vectors and matrices. In other words, logic can be 
shown to be consistent and to have a coherent existence; but 
what the laws are and how they are interrelated are matters not 
of pure thought alone, but are obtained by the method of 
analysis of a physicist — namely of observation, codification, 
interpretation and symbolization. The connections between the 
symbols in mathematical form and the logical terms and connectives 
can be obtained in a unique way, by using the so-called 
"Theory of Relations" (which again can be formulated as a 
physical theory). 

It is in the light of these that we wish to state that 
mathematics does not antidate physics, but that mathematics 
arose out of a rationalisation and symbolization of every type 
of observation including the observation of itself, namely of 
the Laws of Reason. 
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1. Chemical Structure and Physical Structure of Blomolecules 

I am deeply grateful to the President and Council of INSA 
for the honour they have done me by awarding me the Sir C.V. 
Raman Medal, which I believe has been given in appreciation of 
the contributions made by our laboratory in the fields of 
molecular biophysics and crystallography. The pleasure is 
doubly so, since I was myself a disciple, of the revered 
Professor Raman and learnt the essentials of crystallography 
under his guidance. The field of molecular biophysics has now 
become a large one; but its growth has been due to a large 
extent to the rapid advances in X-ray diffraction techniques 
that have taken place during the last 20-30 years. In this 
lecture, I s hall try to give you a brief account of how chemical 
physics and physical chemistry can contribute much to our 
underst anding of life processes in organisms, — not only in 
their normal state, but even to find the cause and cure of 
many diseases. It ha s been a good fortune of our laboratory 
to have entered thi s field of molecula r biophysics practically 

♦Summarized account of the Sir C.V. Raman Medal Lecture to be 
delivered at Tirupati on January 1, 1983* 






. 2 . 


at the beginning of the exponential growth of this subject 
starting from the early 1950's. 

As everybody knows, the chemical behaviour of a material 
becomes fully understandable only when its molecular structure, 
and electronic charge distribution over its volume becomes 
known* What else is better for probing this than the techniques 
employing various types of physical properties — ultra-violet 
spectroscopy, infra-red and Raman spectroscopy, nuclear 
magnetic resonance, optical rotatory dispersion, and last, 
but not least, X-ray diffraction techniques. It is obviously 
impossible even to point out the role that each of these 
techniques play in biomolecular structural research. Therefore, 
this talk will be restricted, even within the field of molecular 
biophysics, to the analysis of the shapes or conformations of 
biomolecules and that too, essentially as determined via 
theoretical and crystallographic techniques * 

In doing this, first, we shall indicate how information 
about the detailed molecular architecture of biomolecules 
(both small molecules, oligomers and polymers), obtained from 
crystallographic and other techniques, are translated into 
information of value to biology* The'word molecular biophysics 
for this is clearly appropriate because it is the knowledge 
about biomolecules studied by physical techniques that has 




contributed to much of our knowledge about the 
reactions that takes place in biological systems at the 
molecular level. In the light of this, we shall’use two 
terms —"physical structure" and "chemical structure" —for 
distinguishing between two different aspects of biomolecular 
structure that are needed for this purpose. Of these, what is 
available at the beginning is the chemical one —i.e. the 
nature of the atoms that are contained in the molecule and of 
the chemical linkages between these. These data have been 
connected with the expected biological chemistry of the molecules 
by organic chemists and biochemists. The physical features of 
the molecule, on the other hand, deal with the detailed three- 
dimensional description of the molecule, in terms of bond 
lengths, bond angles and dihedral angles. The most suitable 
technique that gives these is X-ray crystallography which gives 
these parameters to a remarkable degree of accuracy. However, 
the data are for the crystallized form of the molecule, while 
in general, the molecules are in solution in the biological 
system, or freely interacting with the solvent; and it is the 
structure und er these conditions that is what is wanted. 

It is here that the theorist in this field has a very important 
part to play. ■ By examining and analysing the physical structures 
observed in various crystals, they derive suitable laws and 



they also utilize pure theories in chemical physics to work 
out the various possible changes in conformation that can 
lead to the actual biologically active state of the molecule. 

We shall discuss a few examples of biological fibres (which 
are, for all purposes, in the crystalline state) and discuss 
their importance in biochemistry, and we shall also consider 
interactions between biopolymers and small molecules w hi ch are 
important in understanding not only the basic metabolism of 
living organisms, but even what happens in pathological conditions 
and how drugs interact with biological systems. 

In the sections that follow much of this will be discussed 
in a condensed manner, as this written material will only briefly 
describe the different aspects that will be presented at the 
lecture. Therefore, complete coverage is not made of the 
literature of the subject and the figures also have been reduced 
to a minimum in the text here, although they will be fully 
illustrated in the actual lecture. 

2. Crystallography, the sourcehead of biomolecular theory. 

As mentioned above, much of the information regarding the 
shapes of organic compounds has come from X-ray crystallography. 
Although organic chemists had reasonably. clear pictures of the 
shapes of many of the smaller biomolecules, the way in which 
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these fragments are combined together in biopolymers was made 
clear only by studies starting from about the 1940's. In all 
these cases, many s mal ler molecules cont aining segments of 
biopolymers, such as dipeptides, tripeptides and so on, were 
available and crystal structures of these gave the precise 
dimensions of the bond lengths, ‘bond angles and dihedral angles 
which characterize these molecular structures. Perhaps, the 
most important "extract" that had come out of this body of 
information was the enunciation of the planar peptide unit by 
Linus Pauling and collaborators. They showed that the peptide 
unit C — CO—NH— C had all the atoms in it in a planar 
configuration and that the peptide unit can have either a cis 
or a trans conformation, according as C=®0 and N—H are pointing 
in the same direction or in opposite directions. At that time, 
there was no clear evidence of one of these being more predominant 
than the other, although very soon the planar trans peptide unit 
came to be established as the building block of all open chain 
polypeptides and proteins. 

In obtaining these dimensions of the planar peptide unit 
Pauling used all the available X-ray data of that type. In fact, 
it is a matter of some theoretical interest (as Prof. Pauling 
says in his Presidential Address to the Madras Conference on 



Biopolymer Conformation in 1967) that he purposely invited 
Prof. Corey to Caltech for a year, for checking some of his 
theoretical ideas by crystallography and that "Corey's year 
in Pasadena turned out to be 30 years so far". 

■/e, in Madras, entered this field of conformational theory 
in the early 1950's a couple of years after the postulation of 
the Pauling cC-helix and, true to the tradition, we also had an 
X-ray crystallographic group working on similar biomolecules 
side by side. There was always been interaction between 
theoretical biopolymer chemists and the experimental X-ray 
crystallographers in the development of this subject all over 
the world. The situation is still exactly the same — theorists 
sometimes condense the available X-ray information to give new rules 
for biopolymer structures and other theorists work out possible 
structures for biopolymers which have not yet been detected and 
they soon come to be detected by crystal structure analysis — 
very often not in the polymers themselves, but in some of the 
smaller molecules forming parts of the polymers. Crystallography 
is an ever-living subject and there can be no time in biological 
research when it will be a postdated. I hope I can illustrate 
some of these as we go along. Here, I may mention a few examples 
where our laboratory played some part in the progress of the 
subject. 



Thus t the triple helical collagen structure was proposed 
in the mid 1950‘s by employing trans peptide units. While the triple 
helical configuration was in broad agreement with the fibre 
diffraction pattern, the data were limited in extent? ani no 
conclusive proof could be given. However, since Pro and Hyp 
are very frequent in the collagen primary structure, and Gly forms 
one-third of the amino acid residues, it became clear that the 
related polymers (Gly—Pro—Pro) n and (Gly— Pro—Hyp) n must have 
similar structures to collagen. These were synthesised only a 
few years later; but it was a welcome surprise when the simpler 
polymers (Gly) n , (Pro) n and (Hyp) n all had a molecular chain 
conformation very similar to the backbone chain occurring in 
collagen, as determined by X-ray diffraction. Here is an example 
where experiment confirms theory and gave a lot of confidence 
to workers in the field making use of theoretical structure for 
various problems in biochemistry (although the complete details 
have not been revealed even today). 

The converse, namely of theory predicting some aspects, 
happened in the case of the structure of polyglycine II, which 
has three residues per turn in the helix as against two 
residues per turn in the well-known £-structure of polyglycine I. 

In this, we predicted that the structure is stabilized by 
CH. . .0 hydrogen bonds in addition to the standard NH. . .0 
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hydrogen bonds, which were very strong in this polymer. It 
is very refreshing that during the last five years, good 
evidence has come, out of infra-red and Raman st udi es of 
polyglycine II made by Krimm and collaborators in the University 
of Michigan, that the CH. . .0 hydrogen bond definitely exists 
in this structure. The consequence of this is that the 
existence of this type of hydrogen bond should also betaken 
into account in the calculation of the stabilizing energy of 
possible theoretical structures. 

5. Principles governing the physical structure of proteins 
and other biopolymers 

By the second half of 1950's, most of the standard helical 
structures occurring in proteins and polypeptides had been 
brought into light by X-ray diffraction techniques. In most 
parts, these had been substantiated and verified by other 
physico-chemical techniques like ORD, IR and Raman spectroscopy. 
But the question had to be answered as to why they take these 
structures and not other structures. When does the o^-helix 
occur? When will a protein have plenty of /? -sheet structure? 
When will it have the triple helical structure of collagen, 
and, when will it be of random structure for a number of peptide 
units, without the chain taking up anyone of these ordered 



structures? These questions were posed in great clarity by 
the end of the 1950's with many of the structures having been 
discovered and a good number of small oligopeptide structures 
(which form parts of these longer protein structures) having 
also been solved by crystallographic methods. One of the 
criteria for the occurrence of a suitable secondary structure 
like an helix is that as many hydrogen bonds should be formed 
as are possible —for example, all the backbone NH groups are 
hydrogen bonded to CO groups in the dC-helix, while in the 
collagen helix two in three are suitably bound and the third one 
is bound via water molecules. While such criteria as the 
hydrogen bond length (A. • .B) of the hydrogen bond AH. . .B 
lie within the prescribed elements, and the hydrogen bond angle 
0 ■ AH A. . .B should be less than 25 or 30° were very useful 
for constructing the first approximation to the secondary 
structure involved, precise formulae or techniques for finding 
the best structure were not available at that time. 

This lacuna was filled during the 1960's and one of the 
earliest, from the point of view of general technique or principle, 
was developed in our laboratory, leading to the so-called 
(0 , ^ )-plot for a pair of peptide units. . In this the, peptide 
unit C*"— (co)—(NH)—C°* is-taken to be planar and there are 
only two dihedral angles, namely 0 about the bond N—and y 
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about the bond C ——C, which are capable of variations when 
one peptide uhit is linked to the next. When the allowed 
ranges of these two dihedral angles 0 and If/ were worked out ( 
a set of data giving the closed non-bonded contacts that can 
occur between different atoms in the chain had to be postulated. 

For this purpose, we examined the available literature on 
peptide structures and evolved a standard set of contact distances 

i 

for the various atoms C, N, 0, H that • occur in these peptide 
units. This type of plot is well-known now-a-days, and is widely 
employed not only for polypeptides and protein structures, but 
also for working out other biopolymers and simpler molecules. 

The (0 , yO-plot contains allowed ranges of the pair of 
angles (0 , V) and about three-fourths of the (0 , <//)-plane 
is thus disallowed for alanine and other amino acid side chains 
having a atom, while it is almost three-fourths allowed for 
glycine. This is because both the atoms attached to are 
hydrogens in glycine while one of them is at least a CH 2 group 
in all the other amino acids. It is not necessary to give a 
detailed description of the consequences for protein structures, 
because it is available in several reviews. In particular, a 
review by me and V. Sasisekharan which appeared in Advances in 
Protein Chemistry, Vol. 23, 1968 contains very detailed information 
regarding this and the related energy minimization which is 


discussed below. 
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Effectively what the (0 , 'fO-plot does is to remove 
all values of (0 , y) which lead to even one contact A. . # B 
being less than the extreme limit which was prescribed from 
the analysis. We also put another limit called normal limit 
beyond which there is no restriction at all on the permissiTHity 
of the conformation. In essence, we effectively took two 
energy values, —one where the energy begins to rise sharply 
and another where it becomes impossibly large. Obviously an 
exact value of the energy would be a better criterion for 
studying the allowed and forbidden nature of conformations and 
this idea struck several workers within a couple of years of the 
appearance of our article containing the (0 , y)-contact map 
in J. Mol. Biol, 1963. We shall not discuss this in great 
detail except to mention that the energy terms contain a 
van-der-Waals attraction and a sharp repulsion, in addition to 
electrostatic energy , and torsional potentials. Hydrogen bond 
energy is not normally used except while working out in full the 
total energy of a structure which contains several pairs of 
(0, , \JJ) and other similar dihedral angles. 

The functions connected with energy criteria were all 
obtained from a large amount of physical-chemical data about 
peptides that were available and the (0 , y/) -plot obtained in 
this way appeared almost simultaneously from several laboratories, 
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including ours, in 1965-66. Two or three interesting 
consequences for peptide structures might be mentioned here: 

(a) Firstly the energy plot had contours very similar 
to the contact plot at about the region where the energy was 
rising rapidly, as mentioned above. The contours for a value 
of energy equal to +5 to 8 Kcal/mol agreed reasonably well 
with the extreme limits. In this way, the contact criteria ■ 
were confirmed by energy calculations and since contact 
calculations are far simpler on a computer, the contact map is 
used quite widely even now-a-days. In fact, for some complicated 
structures like polynucleotides and so on, the energy calculations 
are an exception, and many valuable consequences can be obtained 
without energy* calculations. 

(b) The detailed energy calculation of the triple helical 
structure of collagen indicated that it had a stabilizing energy 
as good as, if not better than, the 06 -helix and it is therefore 
a stable structure. The details of the structure could be worked 
out with confidence because the mathematical techniques of 
building molec ul ar chains and claculating their energies 

were well developed by that time. Some of the more important 
results so obtained in our laboratory were discussed in the 


next section 
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(c) From two peptide units one could go to three linked 
peptide units and this immediately gave a rich dividend, in 
showing that these could take the form of a "bend", whereby 
the polypeptide chain is reversed in direction and was 
hydrogen bonded with itself if both the forward and reverse 
regions are in the straight chain f-configuration, or the 
collagen-like V-confi guratl on. This beta turn was first done 
in the late 1960's by our laboratory, and it has been widely 
extended and found tremendous use. in the building up of 
protein chains in globular proteins. 

(d) This idea of the "beta-bend" was also extended to 
chains having alternating L and D amino acids and could 
explain the conformation of some oligopeptide antibiotics 
involving these amino acids — for example gramicidin A. 

Most of the different types of helices that were predicted 
from pure theory have been observed in synthetic polypeptides 
of this type, such as poly-Y-benzyl-(L, D)-glutamate. 

(e) Another basic aspect of the conformation of polypeptides, 
namely the possibility of non-planar peptide units being present 
pnri their energies were also worked out from our group. The 
genesis of this idea came from a seminar which I gave in Chicago 
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when Prof. Mulliken pointed out that the rigidly planar 
peptide unit, as put forward by Pauling and widely used 
everywhere for building protein structures need not be so, and 
that variations from planarity could occur. We therefore 
calculated the energy changes due to variation for the dihedral 
angle A CO about the C...N bond, from the exact value of 180° 
for a planar peptide unit. It was then found that, in addition, 
the three bonds meeting at the nitrogen atom would also become 
pyramidal which could be represented by a dihedral angle 
denoted by A 3^ (■* 0° for the planar unit) • Theoretically, 
using quantum chemistry, we obtained a plot of the variation 
of energy with (A(jJ, A ^) and found that variations in the 
former could occur upto about 1 to 15*' and the latter upto 
20 ° to 25°. 

Theory thus confirms the results found in many protein 
structures where the fit with electron density indicated the 
need for non-planar distortions. 

This small, but significant, variation in A CO has led 
to the theoretical prediction, by Ghandrasekaran and Jardetsky 
that a new type of left-handed helix (the 6-helix) can occur 
for polypeptide structures. This helix is similar to the 
left-handed oC-helix in being a single chain helix, but the 
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NH groups are pointing upwards in it, unlike being downwards 
in the od L -helix. Recently, by work done in Bangalore, the 
8 -helix has been shown to be more stable than the left-handed 
CJ-helix that had been previously taken to be the correct 
structure; of poly- p -benzyl-L-aspartate. This is a very 
interesting prediction, which awaits experimental verification 
by x-ray diffraction and spectroscopic analysis. 

4, Nucleic acid conformations 

Unlike polypeptides, which have only three types of 
dihedral angles (0 ,y, CJ) for the backbone, nucleic acid 
chains are more complicated in that they have six dihedral 
angles. This was pointed out from our laboratory in Madras as 
early as 1967. During the last few years, the nomenclature for 
these have been standardized and they are given the symbols 
*4 to S . The most interesting fact that was dominating the 
field, until a few years ago, was that all polynucleotides 
have essentially the Watson-Crick type of right-handed helices 
for their chain structure. This, however, had the objection 
that there will be a lot of tangling occurring during reproduction 
of the DNA chain, since everywhere it had a right-handed twist. 
During various discussions that took place in Microbiology, 
Biochemistry and Biophysics Departments at the Indian Institute 
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£ Science, Bangalore, during 1973-75, possible non right-handed 
elices which could be stable for a nucleotide were 

onsidered. It became pretty clear that if the nucleic acid 
ihain is partly right-handed and partly left-handed, then 
separation of the two strands did not require untwisting as much 
ss it would be needed if it were wholly right-handed. The 
problem was studied theoretically by Sasisekharan and coworkers 
and they discovered that a good stable left-handed structure 
is possible for nucleic acid chains, and at about the same time, 
some work done- in New Zealand also indicated that the X-ray 
pattern of DNA is not inconsistent with both types of twists 
being present in the polynucleotide chain. Such a structure, 
with alternating right and left-handed helices, was given the 
name side-by-side structure. 

Although the above-mentioned structure had been shown by 
theory to be very satisfactory and biologically very possible, 
it received proper attention only when crystallographic 
structure determination of oligonucleotides actually gave 
evidence of the left-handed twist being present. In this also, 
the first clear cut non-tfatson-Crick type of twist was shown 
by Viswamitra from Bangalore. Very soon, left-handed twists 
themselves were observed by Rich and coworkers at MIT and 
Dickerson in Caltech. The reason why these specific examples 
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are cited is because it was only after the experimental 
observation by crystallography had been made, that the molecular 
biologists believed the side-by-side structure and worked out 
its consequences for molecular biology. It is rather 
interesting that the actual left-handed helix (the so- call ed 
Z-helix ; of Rich) has for its repetition two nucleotide units 
instead of one. Yathlndra from Madras has actually shown that 
among helices built with two nucleotide units as the repeating, 
structure, the Z-helix is a very good one. 

Since our interests are only in molecular biophysics, we 
shall not comment about various chemical and biological 
observations that have been made the Z-helix, and the applications 
that it has found in the field of molecular biology. However, 
it must be emphasized that the crystallographic structure 
determinations of the conformations of very big oligonucleotide 
structures were really the ones that have led to appreciable 
progress in our knowledge nucleic acid structures during the 
last five years. 

5. Molecular theory of life processes : 

The subject of molecular biophysics with special reference 
to the explanation of biological processes, has grown widely. 


and this section can only give a very small number of examples 
in this field. I have chosen the examples to illustrate 
different ways in which conformational analysis of biopolymers 
and related compounds has helped'in understanding many features 
of this type and even led to suggestions of possible 
modifications of the biosystems. 

(a) Collagen primary structure s As mentioned earlier, the 
triple helix of collagen requires the presence of glycine at 
every third position, and of proline aid hydroxyproline in the 
locations X and Y, in the sequence -Gly-X-Y- . Of these, a 
good number of X's are Pro's while most of the Pro’s in position 
Y are hydroxylated to form hydroxyproline (Hyp). The role of 
Hyp in collagen had not been known at all for a long time. We 
shall discuss it a little in detail in the next subsection; but 
now we need only note that hydrogen bonds arising from the 
OH group of hydroxyproline going via water molecules to 
neighbouring chains is a very important feature of the collagen 
structure. It is also a fact that, apart from Gly being at every 
third position, there is an approximate repetition in the primary 
structure at a larger interval of about twelve tripeptide 
sequences. I hf»d always commented on this and indicated that 
the collagen molecule consisting of about 1000 residues is 
probably not produced by a single gene, but by repetitive patterns 
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based on some smaller genetic units. During the last couple 
of years, studies on the collagen gene has indicated that it 
is in facthised on such repetitions. The consequence of this 
for the understanding of the secondary and tertiary folding 
for the collagen structure have not been yet carried out in 
good detail. This is an open problem. 

(b) Role of hvdroxyprollne in collagen: As mentioned aboVe, 

Hyp residues occur only in the position Y and actually the 
collagen molecule as it is synthesized from messenger RNA 
contains no Hyp, since only Pro is coded by the genetic code. 

The enzyme collagen proline hydroxylase adds the OH group to 
the carbon atom 4 of proline and that too only in the trans 
configuration. This great specificity of the enzyme is reflected 
in the fact that only 4-trans Hyp can lead to the stabilising 
hydrogen bond via water that was mentioned above. In fact, 
it has been found, by experimental studies, that if procollagen, 
as it is synthesised first and which does not have Hyp is studied 
with regard to its triple helix forming property, it is found 
to have a melting temperature well below the' body temperature. 
However, when Hyp’s are formed at points Y, the melting temperature 
rises to more than 45°C. Thus, the very existence of strong 
fibres of collagen requires Hyp residues in the proper places. 
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The occurrence of hydrogen bonds associated with Hyp were 
derived theoretically in our laboratory in Bangalore by Manju 
Bansal, R.S. Bhatnagar, and myself. Its verification in relation 
to melting temperature etc. came from studies carried out at 
the same, time in two different laboratories. Thus collagen 
prollns hydrolase is a vital enzyme for collagen by synthesis. 

It has as co-factor ascorbic, acid (vitamin C) and this 
probably explains the occurrence of the collagen disease 
scurvy of the skin where there is deficiency of this vitamin. 
However, vitamin C probably has an even more important role. 

It is known that in the immune response system, immunoglobin 
attaches itself to the complement Clq which then goes through 
a series of reactions leading to the destruction of the 
organisms causing disease to which the immunoglobin had first 
attached itself. It was a great surprise for me when I learnt 
that the laboratory of Prof. Porter in Oxford had found, in 
the sequence of complement Clq, glycine at every third position 
and both pro line and hy dr oxypr o line also being present, just 
as in collagen, for a good length of its sequences. It is 
reasonable, therefore, that complement must have the collagen 
triple helix structure for a good part of its secondary 
structure • This has been verified by electron microscopy • 

What is more is that Hyp also occurs in the complement sequence 
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at the Y position and for it to he produced the proline 
hydroxylase enzyme is obviously needed and, hence, also the 
cofactqr, vitamin C. Thus the importance of vitamin C for 
immunity in general is brought to the forefront. A psper 
on this was published by me in the International Journal 
of Quantum Chemistry 1978 and may be referred to for more 
details about this theory. 

(c) Enzvme binding the substrate : The first globular protein 
to be solved were myoglobin and haemoglobin. These are not 
enzymes, but oxygen-carrying blood proteins. Lysozyme was 
the first enzyme-like protein to be solved and in this the 
enzyme substrate binding was beautifully illustrated by X-ray 
crystallography by Phillips and co-workers. Since then, a 
very large number of enzymes have been solved by crystallography 
and the active site has been carefully examined. It is then 
found that the geometry of the active group as such, which is 
involved in the substrate binding is practically identical 
in the same enzyme from different organisms, and this too, 
inspite of the fact that the primary structure may be widely 
different, even in length. This has been illustrated in a 
very striking manner by Dickerson in the Proceedings of the 
Symposium on Biomolecular Structure, Conformation, Function 
ar>d Evaluation held in Madras in 1978* He has shown how 
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cytochrome-C has exactly the seme configuration of grouos 
about the heme in spite of the fact that the number of 
residues varies between 82 and 134 in the different proteins 
whose crystal structure analysis had been done at that time. 

This observation makes it easy to understand the 
similiarity in specificity of enzyme-like proteins of similar 
nature, namely that their active sites after folding are 
geometrically very similar. However, so far no theorist 
has been able to predict which sequences for a protein would 
permit the particular active site configuration to be taken up. 
This is a challenge to theoretical molecular biophysicists. 

However, recently Dr. V.S.R. Rao in Bangalore has worked 
out from conformational theory, the series of conformational 
changes that take place when an inhibitor enters the active site 
and gets bound. Such dynamical studies will throw lot of light 
on enzyme-substrate interactions. 

(d) Haemoglobin : The structure of haemoglobin is one that has 
been most widely studied, including haemoglobin found in 
certain types of genetic diseases. In particular, sickle cell 
anemia is produced only by changing a single amino acid Glu 6 to 
Val 6 in the /? -chain of haemoglobin (which, as is well-known, 
contains two chains and two ^—chains). X—ray crystallography 
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of this protein made by Werner Love of Johns Hopkins has 
indicated that the molecules of sickle cell haemoglobin 
do not form tetramers (^ /^) but rather have a long 
chain-like association ^ f ^ This presumably weakens 

the ability of the molecule to transport oxygen to the cells. 

I had the idea that this change in association must be due to 
the alteration from the polar nature of the side chain in Glu' 
to the hydrophobic non-polar side chain of Val. On discussion 
with Love it was found that the association found in the 
crystal structure of sickle «ell Hb, which is different from 
normal Hb, could be explained by this physical property being 
different in the two cases. 

What about a medical relief for this disease? Obviously 
one must introduce extra polar groups producing hydrogen 
bonds, and urea as a medicine seems to be suggested. I learn 
that many doctors prescribe a drink of urea when there an 
acute crisis in sickle cell anemia; but this is not a very 
satisfactory solution, since urea is a waste product of the 
human body. Other small compounds having plenty of OH groups 
like glyceraldehyde have been suggested; but no definitely 
satisfactory solution is available for normal use. I wonder 
whether genetic engineering can help — namely by somehow 
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introducing normal haemoglobin (S-chain genes into the 
genetic mechanism of the animal. I am not an expert in 
this field, and this suggestion has been made because I think 
the evidence is very strong that the sickle cell anemia 
arises;only from the simple change of the sequence GAG 
for Glu to GCC for Val, and the consequent change of the 
physical property of residue 6, from a polar to a non-polar ■ 
nature. Here is an example where such a thing as a 
pathological condition can be connected to a change in a 
small number of atoms in one of the biomolecules involved in 
the normal metabolism. 

(e) Mode of action of carcinogens and of drugs that interact 
with nucleic acids : 

We we have seen, nucleic acids form a double helix with 

the planar bases of each nucleotide unit leading to hydrogen 

bonds between the two chains at regular intervals. The 

standard distance between two such bases stacked one over the 

0 

other is about 3.4 A . It is well-known that many aromatic 
multicyclic organic compounds can produce cancer. That they 
interact with DNA is known and one of the possible explanations 
that may be given is that they go and orient themselves in 
between two stacked base pairs, which is possible because 



25 


the bases themselves are also aromatic and "TT-electron bonds 
greatly stabilize such a molecular arrangement* 

On. the other hand, the same process of planar ar omat ic 
molecules entering, and stacking themselves in between base 
pairs can be used to stop the reproduction of DMA and thus 
inhibit cell reproduction, which makes such molecules behave 
as antibiotics. 

In both these cases, the main physical principle is the 
formation of TT-electron bonds which make the aromatic planar 
molecules arrange themselves in between successive DNA base 
pairs. For a long time, this was only a theoretical idea, 
but in recent years, a series of brilliant X-ray crystallographic 
studies have been made by Sobell and they have clearly shown 
that the interaction between the aromatic molecules and IXiA 
is exactly what is mentioned above. The still more detailed 
information of exact atomic positions in the stacking arrangement 
will lead to the design of drugs having various types of 
specific biochemical properties. (Incidentally, perhaps the 
largest population of Indian crystallographers in any laboratory 
in USA is to be found with Sobell.) 

(f) Antibiotics like -penicillin : In general, all antibiotics 
inhibit some biological activity in cells, and they .often 
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preferentially affect more rapidly growing organisms like 
invading bacteria thak the cells in tissues. However, the 
mode of action of antibiotics are so varied, that a general 
discussion is not possible. We shall consider one example, 
namely the mode of action of the penicillin group ( f -lactam 
antibiotics), which actually prevent the formation of the 
cell wall in‘bacteria by inhibiting the enzyme that builds 
the pentapeptide. chain between two neighbouring polysaccharide 
chains in the cell wall. As a result, cell wall is not 
properly formed and the pathological organism does not multiply. 

It is interesting that a very satisfactory theoretical 
explanation, based upon a detailed conformational analysis, 
has been made by V.S.R. Rao in Bangalore, which explains the 
imitation by the D-L amino acid sequence in penicillin of the 
— D Ala — D Ala sequence of the bacterial 'Cell wall pentapeptide. 
This explanation is beautiful, when one examines the molecular 
shapes of the enzyme substrate and the inhibiting compound — 
namely penicillin —which are chemically very different, one 
being an LD sequence, while the other is DD. 

Thus, it will be seen that many facets of activity and 
properties of biological systems can be explained by examining 
the properties of the three-dimensional stereochemistry of the 
molecules that go to constitute them and by studying their 
nature, both by theory and, in particular, by X-ray crystallography 
techniques. 
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SUMMARY 


This paper is an attempt to deduce interesting and 
valuable conclusions from our vector-matrix Boolean algebraic 
representation for logic in general. From the isomorphism 
between Boolean algebra of genus n (BA-n) and n-valued logic (L n ) 
obtained via the theory of relations where only two states of 
existence are envisaged for a relation (namely 'yes' and ’no*, 
represented by 1 and 0 respectively in BA-l), it is shown that 
the completeness of Boolean algebras demand completeness of all 
1^ (n finite). Similarly, paradoxes occurring in 2-valued 
Lg (propositional calculus (PC) represented by BA-l), are all 
shown to lead to the third and fourth states of BA-2, required 
by the extended form of FC, namely Syad-Nylya-System (SHS), and 
perfectly defined and permitted by this formulation of PC. The 
examples of the Cretan Liar Paradox (and the generalization of 
this, namely Double-Statement Paradox), Cantor’s Paradox and 
Russell's Paradox are examined and shown to be amenable to this 
treatment. Also, Godel's incompleteness theorem is seen to be 



taken care of by formulating quantified predicate logic (qu>) 
in its extended form (EQPL) isomorphous to BA-3, so that 
EQLP is as complete as PC in SNS form. However, all finite 
BA-n have an element of incompleteness in them, in that they 
lead to a higher genus BA-m (m > n) successively, going on to 



Impossibility of Pa radoxes and Incompleteness in Lo^r. 

CONTENTS 

Page No . 

1 • Introduction 

(a) Prefatory remarks -j 

(b) Isomorphism between BA-n and n-valued logic 3 

2. Discussion about paradoxes 

(a) Genesis of a paradox in classical logic (CL) 5 

(b) Typical examples of paradoxes 8 

(c) Aetiology of a typical contradiction 11 

(d) Argument of Case (i) treated in SNS logic 16 

(e) Case (ii) of contradictions and analogy to 

CRLP & CNTP 18 

(f) Case (iii) and analogy to DBSP 20 

3. Resolution of actual examples of paradoxes 22 

(a) Paradoxical properties of infinity 24 

(b) Attempt at removing all paradoxes in 

propositional calculus 28 

(c) Some specific examples from the literature 31 

4. Incompleteness of logics examined 

(a) The existence of incompleteness in-SNS lo~ic 36 

(b) If SNS is complete then EQPL is also comptee 40 

5• Consistency and completeness of all multi-valued lorries 

(a) Theory for n -valued logic 43 

(b) Particular comments for SNS and EQPL 45 

' References 50 


IPL-Dr.2 

2-3-83 

1. Introduct ion 

As is well-known, "Logic" is the "Science of Reaso ning 
Therefore, it is self-evident that logic cannot be defective, 
in that it contains within itself possibilities like the 
occurrence of a "paradox" (see Section 2 for a definition), 
in some formulation of it being "incomplete" (see Section 4, 
for the definition of "completeness"). In the accepted 
formulations of Propositional Calculus (PC), and of Quantified 
Predicate Logic (UFL), one or the other of these occurs 
inevitably, and there is no explanation as to why such 
possibilities do not violate the validity of the whole system 

of axioms or assumptions (postulates), which form the basis 

\ 

of the particular branch of logic. 

In this paper, we show that "logic 1 ! (including PC and 

4 .'i 

" 4 

QPL as particular sub-systems of it) is perfect, and that the 
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imperfections of the above types can be eliminated — e.g. 
for PC, by expanding the set of postulates to obtain the 
"extended propositional calculus" (Syad-Nyaya System, SHS, 
see ), and for QPL by extending it to the "extended 
predicate calculus" (EQFL, see [2] ) • The type of extension, 
which is adopted for PC and QPL, is also applicable to all 
multi-valued logics in general, and thus eliminates any 
possible incompleteness or paradoxical situations, 

Necessarily, since the whole approach is novel, the 
treatment given in the present paper employs the terminology 
and symbology of References £l j and (2J, and we also assume 
the formulation of the outline of the General Theory of Relations, 
along with the Boolean Algebraic (BA) representation of this, 
as developed in [2J. 
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b) Isomorphism between BA-n and n-value d loiric 

The isomorphism between Boolean algebras of genus n 

(BA-n) and multi-valued (n-yalued) logic (L^) has been shown 

to be present (2], provided the right choice is made of the 

corresponding entities in BA-n and (namely Boolean 

vectors IE. terms, and Boolean connectives 3 logical connectives) 

■ 

However, the two-valued logic (Lg) of Propositional Calculus 

(PC) is conventionally represented by BA-1 having only one 

state (T) and its negation (F). By making a careful analysis 

of the operators that occur in EA-n, it has been shown (ij 

that Lg is much better represented by BA-2, having four truth 

values "true" (T), "false 11 (F), "doubtful" (D) and "impossible” 

(a), in order to cover its full consequences, rather than by 

■ 

HA-1 • The EA-1 representation is isomorphous to a sub-algebra 
of £A-2 and it can represent only the states having the truth 
values T and F. This algebra necessarily gives rise to the states 
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D and X given by T © F and T®P respectively —in addition 
to the states T and F of PC. V/e call the BA-2 implementation 
of PC as SKS, standing for Syad—Nyaya System (Syad ■* may be; 
Nyaya ■ logic in Sanskrit). 

As will be shown below, one of the consequences of this 

BA-2 representation of is that the famous paradox arising 

■ 

from the statement of the "Cretan Liar" (who says, in effect, 
"What I say is false") is eliminated, and the statement can 
have one of the available states D or X of BA-2. The above 
sentence of ours will look very puzzling in the form it is now 
given; but it will be clarified as we go on to Section 2. The 
point we wish to emphasize is that, by suitably augmenting the 
structure of the logic used, end the associated boolean algebra 

r 

we can effectively modify what appears to be a paradox, into 

§ 

some thing thpt Is a perfectly permissible statement in a higher 
logic, whose?: acceptability is shown by its isomorphism to some 

higher BA-n. Tib.t*.*. 
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As regards "Incompleteness 11 , this occurs, for Instance, in 

■ 

the standard treatments of QPL, using the states "for all" (V ) 

and "there exists" O), whose complement is "for none" ($), 

Thus Godel 1 s incompleteness theorem, put in our language, says, 

■ 

in effect, that "In any theory based on first order predicate 
logic, there are statements, derivable from a finite set of " axioms" J 

■I 

which can neither be proved to be true nor proved to be false" • 

i/e shall show (in Section 4) that, if QPL is made complete by 

■ 

« 

extension to EPL, by means of an isomorphism to BA-3, then this 

* 

formulation has a third basic state, 2. » which has just this 

■ 

property — "sometimes true, but noijalways true, or always false"— 
and a set of statements using only V and $ and their negations, 

A and 3 (see jV) for notation of QPL and EUPL) can always be 
constructed to! lead to the state 2, which is a perfectly 
admissible state in BA-3* and makes it "complete" (in the 
usual sense it is used for PCX 

We shall discuss paradoxes and their resolution, in 

T« 


some detail in Sections 2 and 3* 
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2m Discussion about paradoxes 
(a) Genesis of a paradox In classical logic 

A paradox arises when two resultant states for a statement 

in an argument are mutually contradictory, and this contradiction 

is inescapable* Thus, an argument, starting from one or more 

input statements, may lead to two different states and s 2 
■ 

for a sentence derived from them, which are such that 

|-| Z §2 ■ (0 0) ■ X (Contradiction} (l) 

Since, according to classical logic, this occurs only if one 
of s^ or §2 T an< * 0-ther is then eith-.r or § 2 
must be negated, in order to avoid the contradiction* -»is 

loads to 

■ 

Either gjj = —t g 1 (a) 82 “ 1 -2 ^ ^ 

■ 

If we now put in g<j (or g 2 » as ^ Ixe case into the 

arg ume nt, we can work backwards all the steps of the argument 

j * 
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by reversing the logical steps present originally in it, 
Then, one of three possibilities can occur: 


(a) Some input term(s) or sentence(s) arising from 


the changing of to gjj has to be negated J ( 3 a) 


(b) Similarly! the argument reversed from g£ leads 
to some lnput(s) being negated 


(3b) 


(c) Some logical step(s) in the argument (composed ] 

of one or more statements) have to be changed and > C^ c ) 
restated so as to be consistent with si (or si, 

x " " J 

as the case may be). 


Putting these in a nutshell, a contradiction X at one stage 


of an argument demands a change in the classical state T or F 


of one or more statements which have been put in as inputs; 


or the argument itself is defective. 


It may happen, as we will show in connection with some 


well-known paradoxes (see Section 3) that hdne of ( 3 a), ( 3 b), 
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(3c) becomes possible, in some examples. In other words, 
the argument is well formulated, the Inputs are correct, 
and yet we get out of the whole argument two terms, or 
sentences, g*] and ^ » which are mutually contradictory, 
as shown by the emergence of the contradictory state X. When 
one of - is made 2i JJ ■ (or s,g jN is made 22 ) &nd ‘ the 

m 

argument reversed, it leads again to a contradiction . In such 
circumstances, v/e have a paradox. (Incidentally^ even if one 
of- s^, or 22 is itsfclf an innut , and the other is a deduced 
output from the argument, and Etyi. (l) holds, all tnax nave 
been mentioned in ( 2 ) and (3) and their consecuences are stii: 
applicable.) Thus, a paradox is a contradiction that c annot 

be eliminated . 

We shall give in the next subsection (b) some well-known 
examples of such paradoxes. In order to see how we dissolve 
them away, we stall consider examples of arguments, in which 
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a contradiction leads to • a useful conclusion, and It will 

■ 

be seen-that what happens is that one of (3a), (3b), (3c) 
is employed for this purpose. Therefore, it seems reasonable 
that, even in the case of en (apparent) paradox, the solution 
is to make one of (3a, b, c) operative, by making the logic 
to be of a higtf'genus (i.e. isomorphous to a higher genus DA) 
e.g. going from BA-1 to BA-2 ( SNS) for classical logic. 

This is considered, in Section 3. 

■ 

(b) Typical examples of paradox es 

Ve shall now consider two well-known paradoxes — the 

Cretain Liar Paradox (CRLP) and Cantor's Paradox (CNTP) and 

■ 

■ 

put them in our notation, so as to verify how they stand in 

■ 

relation to the conditions (3a, b, c). (No references are 
given, as these are well-known). 

In CRIP, a Cretain says that "All Cretans are liars"; 
and the question is — "Is what he is saying true or false?" 
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</e shall discuss it In a slightly modified form by the Cretan 
liar saying v in effect, 

CRIP: n If whatever I say is false 9 is the statement 

(k) 

asserted by me now true or false? 11 
(ivJw w • 

CNTP: "Does the set of all sets contain itself or not?" (5) 

In the former case, the answer is "T, F, T, F, , , , in 
■ 

endless succession, while the latter leads to both "yes" and 

(t no n . The paradox lies in the fact that no definite state T or F 
<* 

(the only ones available in CL) is possible for the statement 
under consideration. 

Before analyzing the above two examples of paradoxes, we 
shall consider a pair of statements made by two different 
persons A and B, which can also lead to a situation very similar 
to that for CRIP in that a term has an endless succession of 
states u T f F, T, F. . Me call this the Double Statement 


Paradox (DBSP), and it is as follows: 



Double Statement Paradox 
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(i) A says ( g ) 2 "What B says (£) is false". ( 6 a) 

and 

(ii) 3 says ( b ) 2 ,,,rf bat A says (a) is true". 16b) 

Here, it is readily verified that, irrespective of a being 

T or F, successive applications of (i) and (ii) gives the 

■ 

states T, F, T, F, . • • for the statement g (and similarly 
for b also)« We shall consider the solution of the DBSP first 
in the Section 3(c), when it will become apparent that CRLP 
is a particular case of DBSP, when the two persons A and B are 

one and the same (See Figs. 2(a) and (b) therein.) The logical 

■■ 

feature that is common to Cantor's paradox and the Cretan .Liar 
paradox will also be considered‘there, as also a variant of 
Cantor's paradox known as Russell's Paradox (RSLF). CRLP typifies 
a whole series of paradoxes, for which we shall indicate a 


common solution in Section 3 
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(c) Aetiology of a t ypical contradiction. which leads to a paradox 

We have considered the genesis of a paradox in the last 

sub-section and seen that it is intimately connected with the 

occurrence of a contradiction, and the attempt at resolving 

the contradiction being unsuccessful• Hence, in order to study 

a paradox quite completely, it is necessary to know the 

aetiology of contradictions. We shall now consider some common 

types of conditions under which contradictions can arise in 

an -argument. Also, we shall consider briefly, in *ach case, 

hov: the contradiction can be "got over". In case the 

contradiction can be avoided, this can arise only from some 

change in the rest of the argument and this wilD normally t -lve 

useful information. Obviously, when such a change cannot be 

carried out, we are in trouble and come at an impasse; ana 

there is a paradox. Our contention is that the impasse occurs 
■ ■ 

only when states existing in pure classical logic* alone are 
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employed; but that it can be dissolved away 9 if states 
existing in other higher ktf logics with equivalent Boolean 
algebras of higher genus are utilized, as in SNS logic for CL, 


Vfe shall now consider the essential structure of an 


argument that leads to a contradiction, and discuss some 


examples. These are not necessarily a complete set, but 


representativejffor our purpose. 


Case (i)s Two paths from a single assumption to a single conclusion 
Suppose we start from an input ( § ) and go via two 
different paths and arrive at the states ^b^( and 0 * the 

term Then, it is sometimes possible that these two states 
are T and F; or F and T. In either case, 


& - <k,l v| bg) - <x| (7) 

It is impossible to get over this contradiction, if the essence 
of the relation between g and ^ , and between g and 


are as in 8(a) and (b): 
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(“■> 

41 Si- 4,1/1 4aj N| . ( b ) (8) 

In such a case, if the CL state of J is negated we obtain 
either (9a) or (9b) • 

^1 N| » ^)Jj| (a) or ^b 2 l N) = ^b£| (b) (9) 

If now, the argument is reversed from bj and b£ towards g 
to give ) and , then, necessarily, from the appropriate 
reverses of (8), we obtain, 

4»jl n| - 4a^J - <a|M| 5 (bjl K I - 4^1 “ 4 a l dOa) 

or 

4b.|l I ■ 4 a <il - 4®i * 4 * 2 ! Ji i - 4 1 h D- dM») 

In either of the cases (10a) or (10b), 

g* - <sLj|v|a|> - 41 Ml Via) - <X| dla) 

or 

g* - <a* | VI a«> - ^ f V I N [ - fit] (11b) 


In other words, what was a contradiction between the states 
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and bp in (7) becomes now a contradiction between the 
two possible states for g that we get from the revised states 
of b and coming back via the same two (differed) paths to a . 

?his is a symbolic example of a typical "paradox”, and 

as we will see in Section 3 f it contains the essential features 

■ 

of CRLP, CNTP and a third one discussed therein "Russell's 
paradox" (RSLP). In this, what we use in effect to prove the 
paradox is the well-known theorem in Classical Propositional 
Calculus (see [ 4 ] p. 187) which can be stated as follows: 

Theor em 1 

If an argument based on well-formed formulae and an 
input a leads to an output b, which is either T or F, 
but in contradiction with the known state of b , then it 
follows that the same well-formed formulae, with {b\ 

.y/ 

replaced by ^b'l * O 5 1 K| will i^evocably lead to the 
state ^ \ K | for g. (TJiis is the essence of the 
reductio ad absurdum proof). 
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In our case (i) ; this femulae has been applied, for 
each of the two different paths by which vre go from ^a\ to 

^b-jt and from (a | to ^b^ . Clearly, either of the b’s 

. 

has to be negated so as to obtain consistency between ^b^| 
and ^> 2 1 • Then, if the effective relations between a and b 
fere 8(a) and' (b), then immediately we get inconsistency between 
^aJj | and generated back via the same tv;o paths from a 
common Jj ; and the contradiction is in the form of Eqn. (11a) 
or (lib). Hence, if the logic of the argument is completely 
foolproof and unquestionable, then the set of statements und-r 
consideration forms a paradox. 

;.e shall associate the structure of this general paradox 

R 

with that of the particular classical examples like CfLF, 

CHTP and RSLP in Section 3. « : e shall show how the paradox 
can be resolved by using SMS logic for this typical contradiction 
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(Case (i)) in Subsection 2(d). It is very simple, but 
requires only that the states of BA-2 are also incorporated. 

(«e shall also examine Case (ii) and Case (iii) in subsections 
(e) and (f)). 

(d) Argument of Case (i) treated in SMS logic 

In CL t there are only two states T and F, and if the 

a 

same term, or sentence, is found to be both T and F, then 
it is considered to be a contradiction. In SNS, isomorphous 
to BA-2, T is equivalent to (1 0) and F to (0 1), and the 

state T "and" F, (which is really T@F), is the contradictory 
state (0 0), obtained as in (12a). 

T (§ F - (1 0) ® (0 1) « (0 0) = X (12a) 

ilowever, there is a fourth str.':e, T “or 11 F (T ©F), which 

can be considered when and ^agf are ^ respectively. 

It is not an "impossible" state, but it is the "doubtful" state. 
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as In (12b): 

T © F ■ (l 0) © (0 1) ■ (1 1) ■ D (12b) 

Iff now f we take this D to be state of £ 9 arising from 

^ and — viz. b ■ fe-j Q ^2 9 ' thfin ** means the following: 

"The state of J mav be true or false; and, In the absence of 

■ 

further Information, we cannot decide between the two 11 . What 
is even more Interesting Is that, if the state D is put for 

both b^ and b 2 and the argument is reversed, with | a D, 

6 * 1 - D, we obtain | - D and ^a£| - D and 

g = ^ajj| V | a^ a D (with no contradiction). Thus, g » D, 

b a d is a permiss ible solut ion in SNS for paths of the type 
used in the DBSP, and their revers&ls. ^The proof that 

in SNS logic. In 

essence, it is based on the simple result that 4}>pl 

and ^apl ^ when | Is ■negated" to Jj. Hence, a,, Q a p - Sq 


[0 

<a D | Ml - ^ follows from |n| - I 


on negation becomes ap® a^ which is also equal to a^, since 
the operator © is commutative* 
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(e) Case fil) of contradictions and analogy to CRLP & CNTP 
The special case of case (1) of an argument, going from 
an input g to two outputs and J } 2 vjLa two different paths, 
can be made even shorter, by g being connected to g itself 
via some argument* We shall take the simplest of these, 
namely, 

. _Case (ii) : g n g (13) 

Here, if we designate the input state 4*11 by §1 and the 
output state ^ajJ by § 2 » we have the following two 
possibilities in CL: 

4>ll “ 1 , <«2l - P , 4^1 X I °2> “ i!®S2“ x (l4a) 

or 

' • F . 4^1 ■ T » Si © 82 " x Ci*b) 

and we .get a paradox * since both g ■ T and g ■ F lead to a 

\ 

contradiction. This is perhaps the simplest of paradoxes in 
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symbols (characterising a whole species, of which the CRLP 
is a particular example), 

However, the moment we work in SLUZ logic, we have the 
third possibility of states for (13), viz: 

D 5 * D N = (1 1) ^ ^ ■ (1 1) » D (14c) 

so that 

^,1 V I a 2 > - D © D - Cl 1) ■» D (I4d) 

■ 

and there is no contradiction. Hence the equivalence in (13) 
is satisfied by a ■ D, and this means that we are unable to 
assert whether a = T or § => F. 

A fourth’possibility is there for a satisfying the 
equivalence ( 13 ) , namely g ■ X f since 

» (0 0) « X * g (15) 

a* 

fc 

Hence, the paradoxical equivalence (13) for g , in CL, is a 

m 

w.f.f in SNS, with g having the state of, either "doubtful 


a N 


X N 


»»: 3 
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truth or falsehood", or of "Impossibility" • In the case of 
CHIP, we see straightaway that X is a possibility — i.e. there 
exists no "Set of all "sets", just as "There is no last Integer" 
(as in Peano's axioms for integers). The other possibility is 
that of D, viz. that the "Set of all sets" (which is infinite) 
both contains-itself and does not contain itself, just like 
infinity"is both equal to itself and not equal to Itself (see 

- Section 3 for more details)• In the CRLP 
also, the solution is that the statement made by the person 
is invalid, or "impossible" (X). There is also a second 
possibility (namely D), which gives no information content to 
the statement of the Cretan Liar, although it is not impossible. 
.Ve know nothing more about the credibility of the Cretan than 
before we heard his strange sentence (See Section 3) • 

(f) Case (iii) and analogy to QBSP 

•m 

i 

■ 

a 

This is similar to case (i), but differs in that there are 
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two statements In two variables In a circuit (a b g) s 

8 b (a); b «-* —] | (b) (16) 

By putting (16b) after (16a) we obtain 

§ 4«£ ""7g » contradiction in CL 117a) 

and by putting (16a) after (l6b) v we obtain 

£ 4*4 1 b ; also a contradiction in CL 17b) 

Hence, 16(a) and (b) together lead to a paradox In CL. Hovreve*' 

here again, if SICS is invoked, we can have both g « D , and 

b ■ D as a.solutionibr the two §qns (16a & b). Similarly, 

both a and b can be equal to X. 

Any number of examples of arguments can be built up, for 

■ 

vrtiich neither the state T nor the stale F is possible for a 
number of inputs (outputs), the other inputs, outputs and the 
sentences of the argument being specified. Since they do not 
exemplify any new ideas, we shall not discuss them here. 
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3. Resolution of actual examples of paradoxes 


In the previous section 9 we had shown how the introduction 


of the states D and X leads to a method of getting over the 


paradoxical situation — namely that an argument leads to a 


contradiction, and when this contradiction is removed and the 


argument traced back, it leads to another contradiction against 

the assumption(s). • In all the three cases (i), (ii) and (ill) 

considered in the last section, the essence of the contradiction 

■ 

is that a @ —1 1 is found to occur, which, in classical logic, 
is a contradiction. However, if the state D (of SMS logic) 
is permitted, then^—1§ & a and na is not a 

. ?«»■ “ \jTT 

contradictlon^^THe state a^, when negated, gives once again the 
state a^ identical with Itself, and we have only to say that 
the statement under consideration cannot be proved to be 
either true, or false. Such a situation is not considered as 


being illogical in SNS (and also in QPL, as we will show later) 
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To bring the whole argument into the forefront, we may 

say that the essentially contradictory situation that exists 

that 

in all paradoxes - namely^g V (g N) + £'Is a contradiction 

in CL (with only T and F as the allowed states) — has a 

■ 

permitted state in SHS logic — namely the state D » (1 l) 

Code*. 

for both a and g N, .in which^x ^ X. Boolean algebra 
permits this state D, and its corresponding logical analogue 
is best put as follows: >f The term a may be true or may not 
be true; we cannot decide between the two, with the conditions 
given in the problem 11 . 

In order to indicate how such possibilities, namely bginr 
both true and false at the same time occurs in real arguments, 
we shall take an even simpler example than the "Set of all sets" 
which was considered in the previous section. V;e shall 

I 


consider the integer oo , and show that some properties of 
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integers) assume the state D v/hen the integer becomes 

infinite. In fact, it is well-known in pure mathematics that 

an infinite set is that which can be put in one-to-one 

correspondence with a subset or itself, an operation which 

is impossible for any finite set. 

■ 

(a) Paradoxical properties of infinity 

This sub-section will be written in an intuitive manner 
without very rigorous arguments, since it is intended to be 
illustrative, rather than being used for proving any theorems 
related to infinity. Thus, given two finite numbers m and n, 
we can always ask the question — Is m equal to n (m « n) 
or not? If m ^ n , obviously m ^ n. Thus, we have the 
two mutually exclusive states g and b , as in (18): 

a '= (m « n), b = (m £ n) (18) 

■> 

r 

The two equations in (18) represented by the terms a and b 
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have the logical properties expressed by (19a) and (19b). 

§ ■ ”] S (a) j J - -1| (b) (19) 

Eqns (is) and (19) are completely true for any finite Integer 

and also for any finite number (positive numbers only will be 

considered here for convenience). It is well-known that 

infinity has properties rather strange and different from 

ordinary numbers. Quoting for instance from Sertrand Russell!s 

■ 

book "Mathematical Philosophy" C5*]» we find on page 
the equation 

+ 1 

If we take any finite number n , then the equation n = n + 1 
is absurd and .is contradictory by Eqns (IE; end (19). The 
method of proving the contradiction can be put very simply 
as follows. If m - n + 1, then m ^ n, so tfct m.^ n (b say) 

w 

ft 

■ 

m 

On the other hand, (2b) leads, in the finite case, to 



, 26 . 


IPL-Draft 2 
3 .3.83 


to m»n (a say), and clearly g contradicts b , If 
u is Jt.uu.be. 

Yet It Is well-known that the theory of Infinity demands 
many equations of the type (20) and they are all taken to be 
completely valid In spite of the above logical contradiction 
that we have Indicated, for all finite n. The explanation 
given (for the absence of contradiction) Is to say that the 
properties of Infinity are different from the properties of 
finite numbers . Thus, If we take the property of equality and 
Inequality of numbers, these two are mutually opposed, or 
contradictory to one another, for finite numbers; but .that 
both can be true for infinite numbers. In other words, If a 
number Is Infinite, then it "may or may not be" equal to itself. 
Both the results 

m « n (a) and m ^ n (« m + l) (b) (21) 

can be proved (with m « ®o , n a eo), according to the particular 



27. IPL-DTaft 2 

.3 .3.83 

circumstance of the problem concerned. In SNS logic, we 
will say that the Eqns. (21a and b) will make the number 
infinity have the SHS state D, for the property of e quali ty 

I 

between m ( - oO ) and n ( «'*>). Thus, without going into 

any classical paradox, but only considering the properties of 

■ 

infinity (completely as it is understood by pure mathematicians 
such as number theorists, function analysts etc.}, v/e can 
understand not only the nature of the state D of SMS lorlc, 
but also the absolute necessity of this in mathematics 
(See [t] for an eaqplanation of D occurring in very simple 
logical arguments). 

It should be mentioned that the main purpose of our arrunoni 

in this section is to show that the contradictory equations tha - 

are produced from putting g ]2 in (19) need not always 

% 

lead to the state X (contradiction) f -for it can also 1 lead 
usefully to the state D, as in the definition af infinity given 
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In Russell's book, as In Eqn. (20). If this is clearly 

kept in mind, the explanations that we give below for the 

* 

■ 

resolution of the classical paradoxes, will become quite clear. 

(b) Attempt at removing all paradoxes in propositional calculus 

As already mentioned, the exact point of the genesis of 
a paradox in propositional calculus arises from the production 
of a contradiction from the simultaneous, assertion of two 
contradictory statements — namely # 

■ 

g is true (a); g is not true (false) (b) (22) 

'•/e must note that the pair of statements in (22a) and (22b) 
themselves need not be contradictory (as mentioned in the 
previous section) for the states D and X of a. If the two 

ES 

assertions (22a) and (22b) are irrevocable and no.modification 

■ 

■ 

can be made in them by looking back into the argument, then a 


* 
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reconciliation of the two statements can be done'within 
the realm of SNS logic. Thus, if g ■ D (or X), then 

■ m 

8 - -Ig . Thus 9 there are two ways open to us for treating 
a paradox which can be put as follows: 


The statement g is doubtful — n may be true or 
■ 

false 11 — and further Information is needed to 
resolve this doubt and get a clear statement of 
its being either true or false. 


(23a) 


or 

The statement g is invalid ani does not relate 
to a truly existing object. 


C3b) 


The auestion whether (23a) or (23b) is the resolution of the 
paradox (22) is not within the realm of lo-ic alone. It 
depends on the semantics of the subject under consideration. 
Some time s invalidity is the right answer, and sometimes 
impossibility of precise laiovrledge may be the answer. However, 
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^he real po int : at Issue is that there is no paradox as such . 
iz § - - / a . .& -o achieved by affixing to the statement 

a one of the SNS states D or X. What leads to a paradox in CL . 
(i.e. neither T nor F) leads one to a possible state (D) in SNS. 

In view of what has been stated earlier v the checking 
■ 

of the contradiction (22) backwards to trace its origin need 
not be done, especially because it is a standard procedure 
used in the method of reductio ad absurdum . If the argument 
that led to the contradiction (22) is not vrater-tight, then 
such a tracing can be done and something useful and sensible 
could be derived about one or more of the assumptions (inputs) 
put into the argument. This is v/ithin the realm of ordinary 
logic and does not belong to : the realm of paradoxes. Consequently 


nothing more is said about this. 
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Cc) Some specific examples from the li t erasure 

In all examples, one or the other of the following two 

possibilities occur — (l) A circular argument leads to 

9 (- 9*) ■ Hfi (» a") (24a) 

(ll) Two ways of Interpreting the statements made lead to 

9* ■ T and §" - * (24b) 

The paradox arises from the contradiction a 1 (§J a" » X, although 
the rest of the argument is correct. 


Three practical examples will illustrate these, and we 


shall Indicate how the method of removing the paradox (mentioned 
in Section 3(b)) works in each case. The first is taken from 


the article by J.G. Kennedy "Semantics in Logic" in the 


Encyclopedia britannica (6^ : 


The previous sentence (a) is true; (23a) 

The next sentence (b) is false. (23b) 
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These correspond completely t 0 jj(l 6 a) and (16b) dealing with 

DESPp and lead to the paradoxical results 

a 4 —* -]| aid jj ~1 b. The solution Is simply that 

both a and b are either X or D — l.e. they are Invalid 

sentences (X), or they both refer to something which may be true 

or false (D). The logical graph of this is shown in Fig. 1(a) 

■ 

(b). 

Fig. 1 (a) and (b): Two ways of checking the circuit in the 

logical graph of DBSP. In both cases, 

§ b b & D is a solution. 

rig. 2 .(a): The auto-circuit of a N ■ g . 

(b): Logical graph of checking for contradiction. 

The second example is the Cretan Liar Paradox, in which 

the two statements a and b are made one and the same. No 

more need be said, except that a* V a" X, if g 1 * g /# » D. 

C'M F.j. 2). 

The third example is Russell's paradox, which comes under 
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tlie category (11) of (24b). The actual one In the literature 


Is slightly different from ( 3 ). It is befit described by the 

■ 

elegant quotation from the short article on 11 antinomy” In 
Encyclopedia Brltannlca [ 7 ]: 

"The line of argument runs: Given any class of things, 
c for example, either c is a member of Itself, or else 
not—one or the other, but not both# (Thus If c Is 

■ ■ 1 n 

the class of men, c Is not a member of c, since the 

class of men Is not a man; while If c Is the class of 

all classes, c Is a member of c, since the class of all 

classes is itself a class.) Let a class that Is not a 

member of itself be called an exclusive class. Consider 

« 

the class of all exclusive classes, K forfexample. The 
object is to determine whether K Itself Is exclusive or 
not. If K is exclusive, it has to be a member of K 
(since K was defined as the class of all exclusive 
classes). But exclusive means: not a member of itself. 
So C has to be not exclusive. Suppose, then, that K is 
not exclusive. This means it is a member of itself. 

■ 

But all the members of K are exclusive classes. Hence, 

K is exclusive. It would seem, then, that K can be 
neither exclusive nor nonexclusive, though every class 
must be one or the other" • 
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It is seen that in RSLP one way of interpreting (26) 

says the answer is "yes", and another way says it is "no”. 

-The emphasis is on "Class of all ..." for the former, and on 

" exclusive " for the latter. It is obvious that K is not a 

finite set, and simple argument shows that this type of 

■ 

paradox cannot be constructed with finite sets# The simultaneous 
occurrence of' contradictory properties for K arises only 
because it is infinite! and is of semantic origin because 
of the properties of K that have been invoked. As we have 
already seen, infinity has properties that are mutually 
exclusive for finite numbers. 

m fact, there are other paradoxes, not involving infinity, 
in which A has both the properties a and —i §; tut it i°. +v.p 
sentence describing it that invokes this strange situation* 

It is not a logical consequence at all that g 7| » tout 

m 

both are asserted in the sentence. However, in ShS logic, 
even this is permissible, and we can say that either A is 
"impossible" (X) or A “can both have the property g and not 

m 

have it"(D). The ways of using these solutions to such paradoxical 
definitions have still to be worked out further. 
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4. Incompleteness of log * evainined 

(a) The existence of incompleteness in SNS log i g : 

It is couimonly asserted In orthodox.theories of logic 

that propositional calculus is complete, while quantified 

predicate logic is necessarily incomplete. Put in simple 

language, the Incompleteness of QPL is equivalent to the 
* 

following statement: . - 

"Starting from well-known postulates of QPL, one can 
construct a set of statements which effectively 

(27) 

assert that a statement o. is neither always true 
nor always false". 

In other words, the incompleteness is asserted from the existence 
of the property (28; for some QPL statement . 

• a. can neither be shown to be always valid 

( 28 ) 

nor never valid" 

however, in terms of our definitions of the extended QPL states 

i 
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\z] » this is equivalent to saying that 

■ 

■ 

"It is possible for CL to have the EPL state £■ (0 1 0 )" (29) 


It is to be noted that (29) is a puzzle in QFL, but completely 

a 

natural in EQPL, which has the three basic states of BA-3, 

via (1 0 0) (S for all), (0 1 0) ( 3 for some), 

■ 

(0 0 1 ) (IE for none). Thus f the completion of the 


Boolean algebra BA-3, starting from (1 0 0) (H V) and 

r cW L i ) 

(0 0 l) (=■ y)^ via the following steps, gives automatically 

(0 1 0) (S. $,), and there is no incompleteness in EQPL. 


Let g as (1 0 0), | - (0 0 1). Then, their complements 

are M| » = (0 1 1 ), and ^b| M| * ^d| = (1 1 0 ). 

The Boolean product c @ d gives | V | d^ = (0 1 1 ) ® (1 1 

- (0 1 0 ). 


On the other hand, we shall now show thfc this state 

* 

% 

(0 1 0), which occurs only in BA-3, is outside the, domain 

i 

i 

of SNS also, (which is representable only by BA-2). In this 
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sense FC (represented by SNS) Is itself incomplete. In fact, 

■ 

it can be shown to arise out of statements that can be made 
in SNS logic making use of reverse connectives (of Boolean 
operations} and it then has all the properties of ^ . The 
steps are as follows. If we examine the truth tables, Table 
of [l^ and Table 3 of [ 2 ] , it will be seen that the following 
hold goods - 

| V | - ^x| , with g ■ T, g - T, gives j* ■ T or D (30a) 

i.e. »D*, but 'not F 1 

* 

I V | » ^c| , with d ■ T, a * F, gives x" ■ F or D (30b) 

i.e. 'D*, but *not T r 

How, x « x* V x* gives H D, but "not T" and "not F". This is 

— * 3 * 

a state not describable in SNS, where D (a T or F) and f not T v 
is F, so that "D and “IT" with IF is a contradiction (X). 

Thus, in SIIS (BA-2) x is a contradiction, if x = x* V x" 

mm l „ ^ < ® ™ * 

where g' and g° are as In (30a) and (30b). However, If we go 



.39. 


IPL-Dr.2 

5-3-83 


to BA-3, the following are possible: 


c *= 

(1 

0 ), 


■ (1 0 

0 ), 

gives 

X’ ■ 

■ (1 0 

0) or 

1 ) 

(31a) 




- 



(1 

1 

0) or (1 

1 

and 









■ 



d - 

(1 

0 ), 

lb. 

> (0 0 

1). 

gives 

X"' 

• (0 0 

1) or 


(31b) 







(0 

1 

l) or (1 

1 

1 ) 

Hence 

X 


. n B 
* 

(0 

1 0) or 

(1 

1 1) 



(31c) 


We get (0 1 0) as one of the possibilities, viz "some" ( £ ) 
and the other possibility is "universal doubt" (A ) = may be 
for all 9 may be for some, may be for none. Leaving out A , 
v/hich is the state of no information content for % , we see 
that the state £ , "for some", emerges clearly as a new 
possible state of doubt, with absence of certainty. 

It is rather strange that all these shades of doubt were 
envisaged by Jaina Philosophers of 2000 year ago. (See (l] , 

[ 2 ] , [3]), but the interesting point is thet 2-valued lo^ic 
(CL = BA-1) when properly completed by extending it to the 
four states of BA-2 in SKS. is still not complete. It leads 


0 $ to BA-3. 
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(b) If SMS Is complete then BQPL Is also complete 

# 

The procedure adopted in showing that CL is complete 

is to show that any argument, which has ; as inputs^ only the 

states T or F, will lead to outputs of only T or F. The 

W i I# j) 

possibility of n T or F", as g b and g ■ F , when 

b 

' J can be T and can also be F,ls Included in the completion cf-bht 


We can make the conditions for completion more compact 
in SNS, by allowing the four states T, F, D, X^homologous to 
(l 0), (0 1), (1 l), (0 0) of BA-2, to form the 


complete set of states for PC* Then any matrix relation, unary 

direct and reverse, and binary direct and reverse, gives back 

again only one of these four states as the output(s) of a 

■ 

i 

sentence, or an argument. We can then say that PC (BA-2) is 


i 

complete. (But, we have seen that it gees over into states 


of BA-3, if the symbolic connective V 1 ( @ ) is reversed, but 

aJVa. V c\. 

not>in the direct -A— ^ s 
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In exactly the same way, the structure of matrix 

connectives in BQPL (see [ 2 ] for details) again leads only 

to an EkL (BA-3) state, when the canonical form of the input 
h 

Ort£' 

states is only jot the 8 possible ones in EQFL, This is so 
for all unary direct and reverse, and binary direct and reverse 
connectives of the m.trlx type. It is also true fcrthe 
syral connectives © and 09 in the 'direct 1 form of 
application. Hence, EQPL (BA-5) is as c omplete as the STJS form 
of_FC (BA-2). Every output is one of the eight Boolean 
3-vectors, and leads to closure and completeness of SGiFL. 


V/e say, in effect, that Godel's incompleteness theorem,for GPL 
... 4jti 

(see [4J, p.^ and [SJ;! 

seen by the following/statement of this theorem: 


is not there. This is best 


Godel's incompleteness theorem 

"In any theory based on first order predicate calculus 

f 

containing quantifiers, there are theorems which are 
true, but which cannot be proved to be always true, or 
always false" ("always" may be replaced‘hy "completely") 


( 3 £) 
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In effect, if JgMis the statement (theorem) under 


consideration, 


g (x) Is T for some x, but 


cannot be proved to be true for all x,or not true for all g 


(l.e. true for no g).. In our vector-matrix formalism for QPL, 
this means that s (x) is true only for (£ x), and not for 
( V x)j and also not for (^ x). 


Since the quantifier state (£. x) is a well-acceptable 

f 

one for EQPL, I this possibility is included into the complex 

fAc** 

of axioms for EQPL y and there is no "incompleteness 11 produced 

by some "theorems" or statements in QFL a f having the'state £ . 

Therefore, to the extent to wh ich SNS is complete t EQPL is also 

complete * (But, on reversing statements containing the 

ii 

connective^ we can get states outside EQFL and belonging 
to BA-m (m » 2^- l), and to this extent, EQPL, based on BA-3, 

\)dr 

so are all multi-valued logics based on apy 


is incompletej 
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1 ‘ 

Consistency and Completeness of all Multivalued Logics 


fern-valued logic: 


“ As described in Ref (zQ f n-valued logic becomes naturally 
representable by n-element Boolean vectors and (n x n) -valued 
Boolean matrices as connectives. Under these conditions, it 
is extremely 'easy to show that all unary and binary relations, 
whether of the direct type or of the reverse type, gives rise 
only to an n-eleuent Boolean vector^ or a 2-element Boolean 
vector ; for the truth value of the relation^ Hence the algebra 

am 

of n-element Boolean vectors^ containing 2 possible vectors ; 

I 7iX ry ! 

is closed with reference to all^matrix operations as mentioned 

I'hCcitL 

above. This is a standard concept of completeness of a 

m 

jlw Iwr* - 

On the other hand, the Boolean operations @ and (g 

di¬ 
al so take over n-element Boolean vectors connected by them 

/l A 

i 

into another n—element Boolean vector in the set* ■ Cor,;ilquentljF| 


these tiro operations in the forward direction also do not give 
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' f 

any element outside the algebra composed of n+basic vectorajii 

* 

having the element unity at each of the ^positions of the 


n-element vector. 


However, as mentioned earlier and also In Ref QQ 9 the 
set of vectors In BA-n is not closed with reference to reversal 
of the operations ® and ® • In this case, all possible 

vectors/produced by such reversals and combinations of v eotora 

ly &1L (rjz&ra-lnpn B A ' 

produoed-ui: tfte ifeversal l>y Duulean uormeo-tlveB^togethfir^ 

• _ 

give rise to a Boolean algebra BA-n 1 where n 1 = 2 n - 1 . 

The above statements ate completely valid for all multi¬ 
valued logics and It Is seen that no multi-valued logic 
Isomorphous with BA-n Is closed with respect to all operations 
(both matrix and non-matrix) acting on the vectors. They are ; 
/ closed with respect to conventional logical operations which 


depend only on matrix operation and the forward application of 
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@ and ® • Thu£^ there Is complste consistency for a single 

BAr-n in its logical application and also & n closed 0 character, 

which can be given the - name n completeness 11 , as it is normally 

understood. However, strictly no finite Boolean algebra 

is closed^and therefore no n-valued logic can escape the 
■ 

requirements, of a higher valued logic if all its consequences 

■ 

are to be examined. 

As already stated, propositional calculus becomes rich 
■ 

and fully valuable only when it is extended to SI IS logic and 
the new concept that is mainly introduced in SMS is the inclusion 
of the two new states D - T @ F and X « T ® F to the two 
states T and F already understood in propositional calculus. 

From the point of view of acquisition ef knowledge in the field 
of semantics, as distinct from logic, the state D being 

m 

■ 

.transformed into the state T or F is the supreme objective of 


b)lComments for SNS and EQPL 
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any scientist (theorist) of any branch of knowledge. In 

■ 

terms of SRS logic, this is done by means of the vidya 

(« Knowledge (Sanskrit)) operator (V) applied between information 

first available in the form of a vector in the state D, 

and fresh knowledge coming about the same object in the form 

of a definite-state logical vector gg say). Then the 

■ 

resultant of the two types of information a^ and a^ is to 
give rise to 

gl V D V T . T (33) 

This concept, that doubt is always there about anything, is the 

■ 

fundamental basis of the so-called Syad-vada of the ancient Jaina 
philosophers of India. They considered that one can only say 
about anything — "may be it is true, may be it is false". This is 
because no theory can be complete, and, at no time, can one assert 
that "This is the last word about this thing"• Some new knowledge 

i 

or factor may turn up which has not been previously, which 
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may alter the statement from “yes" to "no“. Thus, ancient 
Indian epistemology relies heavily on the concept of doubt 
superposed on definiteness leading to definite knowledge. 

(The definiteness may be either Tor F), 

Similarly, the same Jaina philosophers somehow got hold 
of the concept that even doubt can be of several different 
types and they had a word for the type of doubt which can, 
at the same time, be neither true nor false, which, in our 
notation is expressed by the EQPL state ^ = (0 1 0). The 

name given for this was " avaktawa " which, strictly translated 
means unstatable, or indescribable. This term is quite 
understandable because, in the normal way, when thare is doubt 
we have the situation that we cannot decide between truth and 
falsehood; but apparently, they realized that, in arguments 
there come situations where something is not always true^nor 
is it always false, but that it is still possible to talk of 
that entity which is “sometimes true" — avaktawa . They even 
listed the 7 possible states of EQPL, including’ the three 
basic states, true , false and avaktawa (see [l] » 00 )• 
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Perhaps a very simple illsutratlon may indicate that 

this ptate is of extremely common occurrence. Consider an 

■ 

Integer N and ask whether the proposition "N Is a prime 11 Is 
always true or always false. It Is neither; but N N Is a prime 11 

ji 

4 

Is valid sometimes. Consider elementary propositions in 

. 

number theory. Thus, "N is rational 11 Is true for ( V N). 

■K Is an irrational number 11 is true for (§ N), while n N is a 
prime 11 Is true only for (£. N). In fact it is the state that 
Is obtained by saying 11 there exist primes''( 3 N) and "not 

m 

all are primes" ( *1 ( V N)). Thus, the state (£ N) is 


obtainable very simply by using 
exists" ( 3 ) and^for all' (/V 


me wo common quantifiers 


" ( 3 ) and flfor all' (3® A-- 


In view of '.vhat has been said above, one does not have 
to worry at all that some propositions in mathematics cannot 

i 

be proved to be either always true or always false. .It is 
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is perfectly common end readily occurring* To say more 
than this — such as to determine the conditions under which 
an object or statement is D (as our theorem about o O being 

■ 

■ 

both equal and not equal to itself) or 2 (as with primes 
among integers)—would take us outside mathematical logic 
into the realm of philosophy of..Knowledge. 
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PREFACE 

This is a report of the Initial stages of the studies made 
on a novel procedure to obtain a low-resolution electron density 
map of a crystal structure, with broadened peaks. It uses a 
large temperature factor and a sub-lattice grid of atoms at fixed 
locations (x^ 9 y^) 9 whose "weights" (m^) are the only quantities 
that are varied. To start with 9 hypothetical structures with 
gaussian atoms in a 2D unit cell, with the lowest plane group 
symmetry pi, have been examined. The Revalue always drops down 
in the refinement procedure, from high values of 0.6 to 1.0, down 
to 0.2 with 4X4 grids to 8X6 grids in the unit cell. 

The procedure is such that if R is made lower, there should 
be a reduction in the integral of the magnitude of the difference 
in e.d. between the real structure and the approximated structu:'* 
Thls can be tested via minimum function procedures, which has yet 
to be done. 

A number of examples have been tested, and some of these are 
summarized in Tables 1 to 7. However, this report is only a 
working paper so that it may form a basis for the discussions 
which are taking place from July 18 to 21. It is not for general 

..2 


circulation 




Whan this report was written in detail, an error was 
noticed in our programs, in that the factor T(H) in Eqn* 12(b) 
was omitted in the set of formulae used for calculating the 
data presented in Sections 1 to 4. However, this has the 
effect of only a weighting factor in the formulae and the end 
results described herein are not seriously affected* The 
correct formula is being tested and appears to work even better 
than the data presented here. They are described in Section 5. 

The programming and calculations mentioned in Section 4 
were carried out by T.A. Thanaraj, COMB, Hyderabad, while those 
in Table 6 and related ones were done by ThanaraJ along with 
S.S. Rajan. The application to real atoms, shown in Table 7 
were programmed and calculated by K.I. Varughese, on leave from 
NRC, Canada, working in Bangalore from July 18 to August 12. 
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Ab-initio Grid-approximation Method of Determining Crystal 
Structures using only Structure Amplitudes 

1 ^ Introduction ! 

In standard crystallographic practice, the initial deter¬ 
mination of atomic locations is made by a method of trial and 
error, and only afterwords are exact calculations for 
refining the preliminary structure. The so-called "direct 
methods'■ are highly useful in this initial stage, but they 
also require the Intermediary of the crystallographer to deter¬ 
mine which of the possible solutions that are turned out by 
the computer are suitable for further manipulations. It is the 
experience of crystallographers that, if the R-value is less 
than about 0.30, then standard least-squares techniques car. be 
employed for reducing it to as low a value aapossible, depend¬ 
ing on the accuracy of expenental data. 

It is well known that the direct methods are more difficult 
for non-centrosymmetric structures than for centrosymmetric ones, 
aryfl they are most difficult for crystal structures having the 
space group symmetry PI. 

We have been working on a technique which can be used for 
the initial steps of structure analysis and which gives low 
Revalues of the order of 0.20, using only the observed intensi¬ 
ties structure amplitudes, without feeding in any phase 
information. The principle of this method is to approximate 
the. electron density 'of the actual crystal structure by a set 
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Ab-initio Grid-approximation Method of Determining Crystal 
Structures using only Structure Amplitudes 

1 ^ Introduction ! 

In standard crystallographic practice, the init-fai deter¬ 
mination of atomic locations is made by a method of trial and 
error* and only afterwords are exact calculations fox* 
refining the preliminary structure. The so-called "direct 
methods" are highly useful in this initial stage, but they 
also require the intermediary of the crystallographer to deter¬ 
mine which of the possible solutions that are turned out by 
the computer are suitable for further manipulations. It is the 
experience of crystallographers that, if the R-value is less 
than about 0.30, then standard least-squares techniques car. be 

employed for reducing it to as low a value aspossible, depend- 

■ 

lng on the accuracy of expertental data. 

It is well known that the direct methods are more difficult 
for non—centrosymmetric structures than for centrosyrnnetric ones, 
they are most difficult for czystal structures having the 
space group symmetry PI« 

We have been working on a tec hni que which can be used for 
the Initial steps of structure analysis and which gives low 
Revalues of the order of 0.20, using only the observed intensi¬ 
ties flyy 1 structure amplitudes, without feeding in any phase 
information. The principle of this, method is to approximate 
the electron density of the actual czystal structure by a set 
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of broadened atoms located at suitable grid points In the unit 
cell* The locations, governed by the grid Intervals between atoms 
are chosen for a particular choice of the breadth of the atomic 
electron distribution so that the grid atoms overlap suitably* 

The "strength 11 (or total electron count) of the atom at each 
grid point is the only quantity that is varied. This is equi¬ 
valent to solving the crystal structure at a low resolution. 

Having obtained the best structure for a particular resolution, 
the breadth of atoms (as determined by the temperature factor B; 
is reduced and the grid points are also brought closer together. 
Then the strengths of these new grid atoms are first determined 
by Interpol *tinn from the old ones, and then a suitable mathe¬ 
matical technique of refinement based on the least-saueres 
approach, ir applied to these to get e better-resolved approxi¬ 
mation to the real structure. 

The technique has been tested so far only for two-dimension¬ 
al structures in the plane group pi. Even if the initially 
chosen strengths (m-values) give an Revalue as large as - .7 or 
even 1*0, the R-value rapidly comes down, in some 6 to 1C 
cycles of the refinement process to 0.25, or even less. We 
have not checked the nature, or accuracy, of the structure 
thus determined with reference to the actual crystal sti-ucture 
which it represents, and this is one of the things that nust 
be done as early as possible. 

In the first part of the pqper( Sections 2 to 4), the relevant 
fo rmulae are given for a hypothetical case of gaussian atoms 
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in a two-dimensional crystal structure, aild the main results 
obtained are illustrated by tabular data* In sections 5 onwards, 
the relevant formulae for real atoms having atomic structure 
factors varying with (sin 0)/^ (according to well-known formulae) 
are worked out, and the related formulae for a 3-D structure are 
written out (for a triclinic crystal with PI symmetry, but for 
a cubiccell)* These have to be implemented on the computer and 
the technique tested for its capabilities* This is done in Part II. 


2. Theory for 2D structures with gaussian atoms 


For simplicity in explaining the theory, we assume that the 
structure has symmetry pi, but that the unit cell is a square 
with each side of length unity* The atomic positions are given 
by and ‘ thelr scattering factors are f^ exp(-B(h^+h|)/*0 f 

for J ■ 1 to J. We assume, again for simplicity, that all the 
atoms in the structure have the same scattering factors fj equal 
to unity (although f^'s can be taken to have any values, if 
necessary). Thus, in this equal atom case, we take f^ ■ 1 for 
all J* With these conditions, we have the well-known formula (li¬ 
fer the structure amplitude F(h 19 h 2 ) • 


FOx^hg) - 


fj exp [-B(hi|+h|)/<TJ exp ZlilOxjX^+hgX^) (l) 


a) Grid 



The atoms in the unit cell are approximated by gaussian 
atoms i (i - 1 to I) having strengths n^, by having the same 
B-^values as the actual structure (for reasons that will be dear 
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in Section 4) v located at grid points separated by intervals 
l/l 1f both along the x-j- and l/l 2 along the x 2 -direction. For 
simplicity, we take L,«I 2 . Hence, 1 ranges from 1 to (- I). 
The unit cell is divided into 1^ square subcells, as in Fig.1, 
and the trial grid atoms may be located either at the corners 
of the cells, or in their centres, as in Fig* 1(a) and 1(b)* 


Flg.1. Location of atoms of strength m^ at (a) * (l|-1)/l^. 

x 2 - (ig-l)/^, and (b) ■ (i-,-*)/!-,, x 2 - Ci 2 -i)/I-, 

(i 1f i 2 ■ 1 to I^). The value I,j«4 is taken for illus¬ 
tration, and the numbers against the atoms are the 
l-values. 


It is readily seen that the structure amplitude G(h^,h 2 ) of 
the approximating structure in Fig.1 (a) is given by: 

G(h..,h 2 ) ■ nug, expjj>B(h^+h|)/4] exp ^(^(i^-O+hgUg-l))/!-! 

1=1 . 

. (2a) 

and 

G(h 1f h 2 ) - H m^g 1 exptB(h^+h|)/4] exp 2171(1^ (l-|-i)+h 2 (i 2 -i))/!-, 
1-1 (2b) 

As in the case of f^'s, Sj_ are *11 taken to be unity for simpli¬ 
city, so that we need determine only the strengths of atoms m^, 
namely as In Eqns. (3a) anl (3b), corresponding to Figs. 1(a) and 
1(b) respectively: 

*1*1 * m i 1 *11 “ (i-|"l)/^» *21 m 

m i - m i i a ^ *11 * ^l"^^1* *21 " 


• • 
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It Is readily verified that i is relatedL i., and i f by Eq, (3e) 

i - a 2 -l)l 1 + 1, (3c) 

Cb) Principle of tha refinement procedure s 

We know that the electron density everywhere is positive in 
a crystal structure and we implement this condition in the idea¬ 
lised case considered here, by taking all the atoms to be repre¬ 
sentable by gaussian electron density distributions given by 


Pj ,x 2 ) - Pj exp L-K Kat,-*^) 2 + (Xg-Xja) 2 }! W 


If the grid points are taken such that the approximating atoms 
have sufficient enough overlap , we can expect that the approxi¬ 
mating atoms can reasonably represent the electron density dis¬ 
tribution of the crystal structure. In other words y the function 


P( *1» 3t 2 ) " <V*2> - *= Pj ex P t- _K i (x 1 - x 31 ) 2 +(x 2 - x d 2 )2 iJ 

(5) 


is taken to be approximated by the function, 

P'U^) - p mj, exp C-K'[(x 1 ^x 1i ) 2 +(x 2 -x 21 ) 2 j] (6) 

(K 1 is made equal to K for the reason stated above). This is a 
good conjucture for the real space crystal structure (which, in 
our case, is a unit cell of spacing unity and of two dimensions), 
and if K and L are suitably chosen, m^ should be determinable 
theoretically. 


10 
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We take the equivalent of this conjuoture In the Fourier 
transform space, by making the best fit of iF^.hg)) and 
iGChffhg)! • This Is done by minimising the well known crysta¬ 
llographic parameter R (namely the reliability index) given by, 

R - r IIF(H)1 - |G(H)|| / f |F(H)| (7) 

using the least-squares procedure, varying only m^ (for 1*1 to I) 
for this purpose* 

The relevant formulae are given In Section 3, and Section 4 
gives an outline of the result Obtained using them, for symmetry 
pi, and using the grid atom positions as In Fig*l(a)* Since R 
is not an analytic function of x 1i# Xgi m^, we use the assump¬ 
tion that R will decrease if all A|F(H)| given by Eq. (8) 

A1F(H)| - (I F(H) | - |0(H) I) (8) 

are minimised in the least-squares sense - i.e., we seek to find 
the values^f m^ (given x^, x^) for whidh Jd IF(H)| is a mini¬ 
mum, which is ideally achieved if each term 4 |F(H)| is sought 
to be made zero* 


Lea 



uares •formulae for reducing the R-value* 


expression (7) for the R-value, |F(H)| (■ |F(h^fhg)! ^ 


are as s ume d to be given* Host of the tests described in the next 
section have been performed using the theoretical values of |F(H)I , 


with no experimental errors, althogh the effects of artificially 


• *11 
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Introduced errors of mean value 5 to have been tested, which are 
described at the end of Section 4. The quantities G(H), on the 
other hand, are theoretical expressions, given by Eq. 2(a), with 
g^ "1 for all 1. Hence, we obtain the following formulae In 
(9) and (10). 

We denote the common temperature factor of all grid atoms H 'hN/ 
by T(H). Thus, 


exp (j-B(h^+h|)/43 * 

- T(H) (9a) 

Then, the real and Imaginary parts G (H), 

G (H), of G(H) are 

I 

G c (!0 - JT T(H) cos 9(H,i) 

(9b) 

G S (H) “ ^ “l Bin 

(9c) 

where 1(H) Is given by (9a), and 


G(H,l) - BTKl^x^+h^g) 

(9d) 

with x i1 , given by (3a), or (31>) • as the case nay be. Then, 

if we write 


0(H) ■ |G(H) 1 exp i 0 ^ 

(10a) 

then 


|G(H)I - [gJ(H) ♦ g|(H)} 4 

(10b) 

and 

tan "6(H) * G fl (H)/G c (H) 

(I0e) 

Considering Eq. (8), since P(H) are 

constants, we obtain 

..12 
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^ f F(H)J _ a lStH)| 
a ®j a Of 


fferr air CagCH)*ogCH)> (n«) 


■ TTs unt C 2S c (H) *^ ai ♦ 2 G ,w-^ s [^ 3 (m») 

We denote 

G_(H) , % G (H) 

WJT " C - (H) * c.(h> die) 

and we have, from (9b) and (9c), 


t O c (H) a G (H) 

- 2 - - T(H) 008 e(H,i) ; -8- 


fc m 




T(H) sin 0(H,1) (lid) 


Thus, the analytic expression ior - &4)F(H)1 /ja, in terms of 

31000) is 

O 


b ^fF(H)) ^1 o(H)1 m p(H,i) 


b m 


(12a! 


^ m. 


T(H) j^C c (H)oos G(H,i) 

+ C g (H)sin G(H t i)*] (12b) 


Thus, we wish to solve the set of equations (13a) below for & 

- AjmH)l (13a) 

where the l.h.s. Is a linear sum of multiplied by p(H,l), 
while the r.h.s. is a number obtained from the data m^ that are 
fed In, which gives |&(H)| • Denoting Sm^ by S(i) and 
by . 21(H), we get the fbllowlng set of linear equations to be 
solved 


..13 
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,A(H) , H > 1 to (13b) 


larger than I (the number of grid atoms)^ then we can solve these 
equations by producing I normal equations In I unkno wn s ( b(l)) 
by multiplying each equation by the coefficient p(H f l) (for $ (1)) 
and summing them. Thus, denoting 

H 

max 

p(H,l) p(H,l) . q(l,i) (14a) 

H- 1 
and 

H mgx 

X- p(H,l) ^ (1) (14b) 

H- 1 

The normal equations to be solved are 


If the number of reflections H (■ (h^hg)) (namely 


£ 4(1,1) f(l) - A(l) (l-1tol) (15a) 

1-1 X 


In principle, these I equations In I unknowns can be solved 
by matrix Inversion • If we denote the Inverse of q(l,l) by 
q -1 (i,l), then 

$(i) - i. q -1 (l,l) A(l) (15b) 

1*1 

In practice, we have found that the 11 diagonal approximation 11 Is 
good enough, and we can obtain $ (1) from the equations 

S (i) - A (i)/«i(i.i) <i*») 

The m^-values then take new value given by 

®i “ + 9 0-) 


( 16 ) 
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(b) Iteration Procedur e for a choice of the grid sub-division . 


As mentioned earller t our procedure la to refine so that 
a closer and closer approximation of the electron density (e.d.) 
of the crystal structure is obtained. Thus f haying obtained the 
set (i« 1 to I), we should check if any m£ are negative. If 
so, such m£ are put equal to zero, since the e.d. cannot be 
negative anywhere. 


Further, 
made equal to 



new set m£ is "normalized 11 - i.e. 
For this, let 



m£ is 


CL 

. fj ■ M (17a) 

J-1 


where M stands for the total electron count in the unit cell, 
and let 

mJ - M* , and S - M/M" (17b) 

i^1 1 

Then, S is the normalizing factor by which each m£ is multi¬ 
plied to give the m^'s to be used for the next iteration. Thus, 


nu(2) ■ Sm| ; rn^n+l) « Sm£(n), in general (18a) 



In fact, even for the first iteration (n^l), the inputs arm 
labelled m£, and the m^s put in Eqns. (9b) and (9c) are 


m JL (l) ■ Sm£ (18b) 

For each iteration, R is calculated, add the procedure 

described in Section 3(a) will reduce R, provided B is chosen 

.. 1*1 
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suitably for each , 1^. If I^-Ig as we have tested so far 
for a square unit cell, the following simple formula for 3 and 
K has been empirically found to give the best refinements 

K - (2.5 to 3.5) I ± ; B. - (5 to 3.5)/^ (19a) 

Two values of B (or K) are chosen, end the one that gives the 
better refinement of R is taken for further processing. As 
will be seen from Section 4, some 10 iterations reduce R from 
about 0.6 to O.S to about 0.2. Generally, the refinement is 
stopped when the reduction |ARj in R for an iteration is less 
than 0.01 (or 0.005» if needed). 

In fact, B and K are related by the equation 

4TT/K - B (19b) 

Hence, the formulae (19a) for £ and K lead to gaussian atoms 
having a half-width of the same order as the spacing 1/1* (»1/I 
of the subcell used for the grid-approximation structure. 

(c) Successive choices of finer grids . 

Generally, is found to be a good choice for the 

first grid sub—division to be chosen. In this case, I"I^Ig^lo, 
and sixteen m^'s have to be refined. Section 4( a ) gives a 
typical example of the way the refinement proceeds. After the 
refinement is completed for this grid, the m£s for 
be interpolated- to give the starting m£s for the next larger I 1 
e.g. I^-I^aS or 6. (The Interpolation procedure is given in 
Section 4(b)). Then, these rn^s for the 6X6 grid are refined 
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in exactly the sane manners hit using a ne w value of B for 1^*6, 
as given by (19a). 

In doing this, the value -of [Hjl » | Hg|, the tngvjwnim 
values of and h^have to be chosen, such that is 2 to 4 
tines the magnitude of I. The way this is done is described 
in Section 4(&'}. Usually, on interpolation from a 4X4 to a 
5X5 cell, R goes up from about 0.20 to about 0.50 and on Iterating, 
comes down to 0.23 or less. 

4. Practical Details of the Computations . 

(a) Refinement of R-values . 

It has been verified that an iterative procedure, using 
(for each cycle of iteration) Eons. (2) to (18), has the property 
of continuously reducing the value of the "residual" (R), irres¬ 
pective of whatever be the initial m^-values that are fed in. 

For example, this was tested for the structure denoted by the 
symbol FSG2-1, with ten equal atoms in the unit cell at coordi¬ 
nates (*^.*32 5 3 ■ 1 to 10), as in Table 1(a). This structure 

Table 1: Typical examples of the first stage of refinement 
of a 2D structure (ncs) approximated by a 4X4 grid. 

is non—centrosymmetric and belongs to the plane group pi, althoujfi 

the unit cell is a square. This was sought to be approximated, 

star ting from an arbitrarily chosen kXA grid structure (GSG2-1), 

..17 
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Table 1: Typical exnmn1«» -fcha ft ra t ataffe Of ry»-Wn«.m»n+ 
of a 2 D structure (ncs) approx* fm-tcd h y a 43C4 grid . 

(a)* Structure to be solved FSG2-1 (g-atracture. General . 
2D. Example 1) . 



*31 

*32 



*31 

*32 

B 

1 

0.00 

0.30 

1.0 

6 

0.95 

0.70 

1.0 

2 

0.35 

0.20 

1.0 

7 

0.60 

0.90 

1.0 

3 

0.40 

0.45 

1.0 

8 

0.35 

0.80 

1.0 

4 

0.60 

0.30 

1.0 

9 

0.30 

0.60 

1.0 

5 

0.90 

0.45 

1.0 

10 

0.15 

0.80 

1.0 


(b): Initial and final 4X4 Grid Structures using GSC2-' 
as the starting point (K-10, H nlav »Al)* + 

Initial Final 



GSG2-1 

grid 


4X4 grid 

after 11 

1.25 

1.25 

1.25 

1.25 

1.77 

0.07 

0.69 

1.37 

1.25 

1.25 

1.25 

1.25 

1.28 

0.07 

0.97 

0.33 

0.00 

0.00 

0.00 

0.00 

0.74 

0.56 

0.19 

0.74 

0.00 

0.00 

0.00 

0.00 

0.16 

0.22 

0.84 

0.00 


R( Initial) « 1.235 R(final) - 0.193 

* a* 1P y for l -.1 to 16 according to Flg.l(a) 

+ m. —values normal!zed to make ^ ^ f-j ■ 10.0C 
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with ^-values as shown to Table 1(b). In this structure, one 
half °f ^he oell consists of 8 equal atoms and no atoms at all 


are present in the other half of the cell. In order to 
IQ 16 

m i» ea °k *Hw equal atoms In the Initial structure 
GSG2-1 Is given a weight 1.25 (It Is to be noted that the Initial 


grid structure GSG2-1 has a centre of symmetry and belongs to 
the plane group pT. As will be seen below, this makes no diff¬ 


erence to the procedure of getting a final non-centrosymmetric 
structure, since the output from the first cycle of the Iteration 
itself is non-centric.) 


As a result of various trials, the empirical value of the 
best K for this problem was taken to be K - 10 (of Eq.(19}). 
Similarly, in the reciprocal space, the maximum values of , 
hg (namely, H^, H^) were both made equal to k and only one 
independent half of the |F|-values in the reciprocal space (h^ 
was used (as usual) including,however, (h^hg) ■ (0 0). Thir 

yields 9X5 - 4 ■ 41 structure amplitudes F(h^,hg) for the re¬ 
finement of 16 mj-valuese The results of refinement will be pre¬ 
sented during the practical discussions, showing that m^'s conti¬ 
nuously change to give successively smaller and smaller R-values; 
starting initially with R - 1.235* After 11 cycles of refinement, 
R comes down to 0.193, and the 16 final m^-values are also shown 
in Table 1(b). The data in Tables 1(a) and (b) are from output 
No. 01, which contains also results for still smaller grid sub¬ 
divisions with I,|»5 and 6 which were tried. These latter are 
briefly listed in Table 2* The interpolation procedure i s des- 
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Table 2! Initial and final m^ -grlda and R —values for the 

8 of GSG2-1 of Tattle 1(b) 


(a)s g? JS& I 1=S> £d^=S^H Ba 3 ( 26 L. 

R( Initial) - 0.514 R( final) - Q-gflfi 


1.07 

0.20 

0.28 

0.59 

0.88 

1.35 

0.19 

0.20 

0.61 

1.16 

0.84 

0.22 

0.35 

0.47 

0.45 

1.06 

0.00 

0.47 

C.64 

0.00 

0.53 

0.30 

0.27 

0.33 

0.40 

0.58 

0.39 

0.33 

0.04 

0.56 

0.31 

0.27 

0.27 

0.27 

0.27 

0.20 

0.26 

0.33 

0.34 

0.42 

0.30 

0.16 

0.34 

0.36 

0.19 

0.19 

0.02 

0.27 

0.39 

0.00 


(b): 6X6 grid; 1^6. K-15. E^ .85. 

R(lnltlal) ■ 0.468 R(final) ■ 0.289 


0.90 0.25 0.12 0.28 0.53 0.27 

0.72 0.14 0.19 0.34 0.31 0.22 

0.52 0.23 0.22 0.21 0.19 0.27 

0.29 0.23 0.21 0.18 0.20 0.30 

0.14 0.13 0.18 0.23 0.22 0.17 

0.26 0.07 0.14 0.24 0.23 0.15 


1.06 0.25 0.10 0.27 0.60 1 

0.89 0.00 0.08 0.45 0.32 0 

0.63 0.25 0.29 0.32 0.06 0 

0.25 0.25 0.15 0.14 0.11 0 

0.11 0.16 0.18 0.40 0.27 0 

0.25 0.01 0.06 0.25 0.05 0 


* All grid structures are as in Fig.1(a). 

+ - valu es normalized to correspond to the F-structure 

In Table 1(a) (2£ma ■ 10.00), 

i 1 


20 


Draft 2 
8-7-1983 


cribed In the next section 4(b). 


Table 2s Initial and final m^-grlds and Revalues for the 
Interpolated 5X5 and 6X6 cases of GSG2-1 of 
Table 1(b). 


The results obtained f using another centre symmetric initial 
G-structure (GSG2-5), tor I 1 - 4,5,6,8, and varying K and H 1 »H 2 , 

I b »ftl i*a Mcl 

are summarized in Table 3. It will be seen teat the/latter cwo 
parameters do not affect the finally refined G-structure very much 
for a chosen grid approximation. 

By using a non-centric initial G-structure (GSG2-7), the 
starting R-value for the 4X4 grid is reduced to 0.561, as shown 
in Table 4 V but its behaviour is still very similar to that in 
Table 3 thereafter. The R( final) f s are slightly lower than with 
GSG—2. 


Table 3s Another example (Output No.82) of refinement from 
L-4 to L*8. (FSG2-1 and GSG2—5(c•s•)) • 

Table 4s One more example (Output No .83 with the non-centric 
GSG2-7 input) for L*4 to 1*6. 


Ve s hall now describe some practical details like interpola¬ 
tion, which has been implemented, and Hie calculation of 13at. mini¬ 
mum function, which has been tried in a rougjti way, but has to be 
applied In a. better manner. 

..21 
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Table 3: 



Jfoom L-4 to U6. (FSG2-1 mat 


Grid 

K 

CM 

=S 

sT 

•w 

R(initial) 

R( final) 

No.a f 
cycles 

4X4 

10 

4 

41 

0.871 

0.203 

20 

5X5 

12.5 

4 

41 

0.519 

0.198 

11 

it 

12.5 

5 

61 

0.211 

0.206 

2 

N 

10.0 

5 

61 

0.211 

0.207 

* 

w* 

6X6 

15.0 

5 

61 

0.470 

0.255 

11 

it 

15.0 

6 

85 

0.260 

0.255 

2 

n 

12.5 

6 

85 

0.229 

0.226 

2 

8 X 8 

20.0 

6 

85 

0.500 

0.277 

1* 


(Had to be stopped for lack of computer time) 


* GSG2-5 is 
(not normalized) 


2 2 2 2 
2 2 2 2 
1111 
1111 
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Table 4s One more eympla (Output No.SB with the 

non-centtlc GSQ2-7 input) for Imk to I»6 .*+ 


Grid 

K 

H 1" H 2 

H max 

R( initial) 

R( final) 

No. of 
cycles 

4X4 

10 

4 

41 

0.561 

0.193 

9 

5X5 

12.5 

4 

41 

0.548 

0-217 

13 

R 

12.5 

5 

61 

0.224 

0.221 

2 

II 

10.0 

5 

61 

0.186 

0.183 

2 

6X6 

15.0 

5 

61 

0.487 

0.210 

15 

R 

15.0 

6 

85 

0.215 

0.212 

2 


* This shows features quite similar to Tables 2 and 3. 

+ GSG2-7 is - 

(not normalized) 0101 

10 0 1 

0 110 

10 0 1 
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(b) Grid Interpolation formula . 

For -the interpolation from the final output of m^'s for a 
I-f ^2 8**^ (^ e I-grid) to determine the mj for i'«1 to I'(«I,jX£} 
for a Srid (the I 1 -grid), a simple formulation was employed 

as shown below, for distributing each at (i^lg) to four grid 
points of the I'-grid. For convenience, we assume that the atomic 
coordinates of a grid are given by the simple formula 

^i2" , ^2^2* (20 j 

and we shall take the two cases of Eqns. (3a) and (3b) as modifier 
tlons of the structure in (20) afterwards. 


First, each (i^,^) is converted into fractional numbers (nay 
be integers) in the I'-grid. Let 

IJj/I-l - c 1 ; IJ/I 2 - (21e.) 

and let 

C^i^j * i<j*^i^<j i Cflin * ^2 + ^f2 (21b) 


where ijj, i£ are integers and i f1 , i^ are fractions less than 
unity (may be equal to zero). Then, the contribution from m^(i^,i 
to the strengths m£ are the four I'-grid points (in 2D) enclosing 
it are given by (22a-d) - see Fig.2. 


Fbr (iJJ,l£) 

For (i^+liip 
For (ijj,i£+l) 
For (ij|+1,i£+l) 


(1-i j^j) (1 —i ^ 2 )®! 


(2£a) 

(22b) 

(22c) 

(22d) 

..2ft 
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■f2 


f1 


(1^+1, ip 


1 

■J 

-o 

i 

! 

■ 

! 

_ | 

1 

■ 

I 

1 

1 

m(i 1f i 2 ) in the 

i 

■ 

I-grid 

i 

1 

6. - J 

\ 

■ 

i 

-6 


(i,j t i£+l) 


(i.|+1,i£+l) 


Fl~.2, Symbols used In the interpolation procedure 
from the I-grid to the I 1 -grid. 
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It will be noticed that, if the in^'s are nomallsed, the Interpolated 
n^j's are also normalized, and that the procedure described above is 
readily generalized to three dimensions. 

Fig.2. Symbols used In the interpolation procedure 
from the I-grid to the I*-grid. 


We shall now consider how Eqns. (21) and (22) arqbodified when 
the coordinates of the grid atom 1, denoted by the pair (i 1f i 2 ) 
corresponds to Eqn. (3a) and Fig.l(a), or to Eqn.(3b) and Fig.l(b). 

For the analogue of Eqn.(3a) as in Fig.l(a), we have 

■ (l-j“l)/l^» x i2 ■ (l 2 -l)/I 2 , m^ ■ mU^ig), i a 1 to I^Ig 

(23a) 

and similarly for the I'-grid. Then, we use (21a) unchanged, but 
change (21b) into (23b) as follows: 

s-jdj-lJ+l «* lj+1^ ! c 2 (i 2 -l)+1 - i£+f (23b) 

Eqns. (22a-d) can then be applied unchanged to get the contriNa¬ 
tions from m^ in the I-grld to m£ at fbur grid points of the I'-grid 

For the analogue of Eqn. (3b) as in Flg.l(b), we have 

x^-j ■ (i-jHk)/X-j* ^ ^ ^1^2 

(24a) 

and then Eqn. (21b) alone gets modified to (24b), as follows: 

- Ij+if, 5 c 2 (l 2 -i)*4 - 4+if2 (24b) 

..26 
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and (22a-d) can be used without change. 

It is to be noted that Fig.l(a), Eqn. (3a) and Eqns. (21), 

(23a-b), (22a-d), were used for the n.c.s. structure FSG-1 relevant 
to Tables 1-4 (for which the origin is immaterial). However, since 
an i-atom on a centre of symmetry is undesirable, Flg.i(b) and 
Eqn. (3b) are used for the grid approximation of the o.s. structure 
PSI2-1, vtoose data are given in Table S in section 4( 6 ). When 
interpolation is performed for these 1-coordinates, obviously, Eons. 
(24a) and (24b) have to be employed with (22a-d) unchanged for cal¬ 
culating the Interpolated mj-values. 

(c) Minimum function calculations . 

In Tables 2, 3 and 4, either 6X6 and 8X8 grid approximations 
have beeijbbtained for the structure FSG2-1, with large temperature 
factors (K^IO to 13, B^l.26 to 0.84) corresponding to low resolu¬ 
tion representations. An examination of these showed that the 
G-structures thus obtained are not superposable with the F-structure 
for comparison, because the origin can be taken at any point in a 
pi unit cell. Ve considered various possible ways of verifying that 
a solution obtained for the F-structure does represent approximately 
the structure FSG-1 that is solved for (either in the real (crystal) 
space, or in the reciprocal (Fourier) space). The one thet appeared 
most promising is the use of superposition methods - employing in 
particular the minimunritinction Integral to give an idea of the 
fit between the two structures. The relevant mathematics is briefly 

given below. .„27 
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Since each atom centred at has an ele«..^ n density 

distribution - (f^/K) exp£-vK-x^) 2 + , 

the electron density, at (x^ 1 X 2 ) in the unit cells is given by 

P F (x 1 ,x 2 ) - SZCtj/Kjexp £JTK r(x,-x j1 ) 2 +(x 2 -x ;J2 ) 2 Jj (25) 

where the summation Is to be performed over all atoms for which 
lj ■ expt-^^Kl^) Is greater 

than 0.005 (for example). This means that f for K^IO to 15, atoms 
outside the unit cell upto a distance of about 0.5 will have to be 
taken Into account. 

In the same way, for the approximate grid structure also, 
the e.d. function Is: 

f’gi(Xy|yX2) * SlOi^/Kjexp + ^2 * x 12^ J3 (26, 

Then, we define the "minimum function 11 , f ) min (x^ yX^), as the lower 
of the two quantities Pptx^Xg) and P^yXg). The minimum func 
tion Is calculated at f^2^ with * 1 to k^ ^ v , k 2 ■ 1 to ^2max 
(for our studies k^y is made equal to *2m a x an ^ a ®° 0< * va ^ ,ue for 
this is 20.) Then, the "minimum function Integral" ( minint )» appro¬ 
ximated by the sum 

Minint - a£“ VV * 20 

k^*1 k2*1 

gives the degree of superposition (D5) between the two stinctures 
P and P over the unit cell. The relevant equation is 

F V 

i.28 
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D3 - Minint / (28) 

where 

tp ”1max ^2ma x j 

ZI P F (x k1 • x k2> ' ^ f j 

The value of DS is calculated for different shifts of origin, given 
by ( x 8 i» x s 2^ * n un l't cell, and the maximum value of DS obtained 
therefrom is called n maximum degree of superposition 11 (MDS) • Its 
value lies between 0*0 and 1 *0, and gives a numeri cal estimate of 
the fit in electron density between the real structure Pp(x<j ,Xg) 
and the approximated grid structure P G (x 1 ,x 2 ) ) suitably shifted. 

The check with various shifts for the origin is needed, since 
the origin can be chosen arbitrarily In the plane group pi. For 
the same reason, the handedness Is also not fixed, and hence a 
second set of calculations from (26) to (28) will heve to be done 
using; the inverted G-structure ( f£), whose electron density is 
given by 

f(!.(x 1f x 2 ) - PgO-x^l-Xg), x^Xg-0 to 1 (30) 

This gives a second value of MDS, namely MDS2 (calling the one 
obtained without inversion as MDSl). The higher of the two is 
chosen, and this gives the MDS of (q with fp* 

This was tested, but an error was made in that atoms outside 
the unit cell were not included for calculating and p G * Hence 
the whole of the theory of this section has to be tested still* 


..29 
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Also, practical procedures of mixing the information from 6X6, or 
8X8, grid structures, obtained with different initial n.c.s. 4X4 
grid structures have to be worked via wtnimnm function methods* 


(d) Centrosvmmetrlc structures in plane group pT . 


All the above studies were made for a structure with place 

■ 

■ 

group symmetry pi • To see as to how the theory works for a centro- 
symmetric structure, one example with the symmetry pT was examined* 
The structure chosen had 12 atoms in the asymmetric unit (3*1 to J/l 
It was sought to be approximated by a 6X6 grid, having coordinates 
as in Eqn. (3b) and shown In Fig. 1(b)* Only one half of the cell, 
with 0 £ x^ $ i and 0 4 x i2 ^ 1 was used, and initial strengths m^ 
were fed in for 6X3 * 18 points in the half-cell. The refinement 
procedure was quite similar to that for pi described in Section 2, 
the only difference being the changes in Eqns* (l) and (2b), which 
become 

F(h 1f h 2 ) - 

Gd^.hg) - 2r‘ m 1 expC-B(h2+h|)/4jcos2n(h 1 x 11 +h 2 x 12 ) (32) 


j/2 

2^ tj exp Q-B(hi|+h 2 )/4J cos2n , (h 1 Xj 1 +h 2 Xj 2 


) (31) 


where 

x t1 - - (i 2 -»)/I 2 l33) 

As a consequence, apis. (12), (13), and (14) take the torn 


p(H,i) S(i) - ^(H), H»1 to 
i-1 


(34) 
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where 

A(H) . -AIF(H)| . (, F (H)I - (G(B)f ) ; 5(i) - fim, (35a) 

and 

P<H,1> • - ^T(H)cosQ(H,i)Sy«(fW) (35b) 

The rest of the equations from (14) to (19) are unchanged. 

When this was applied with 18 m^s to be detennlned 9 it was 
found that, with and H^.^61, the Revalue cane down from 

1.3 to 0.25 in 10 cycles. The speed of convergence was not much 
faster than with 16 m^'s for the n.c.s. case. The print-out was sc 
weak that full details could not be read out. Hence, they are not 
given. The case of pT symmetry requires further study. 

(e) Effect of fudge factor and errors . 

Random errors with mean values (e) 556, 1056 and 1596 were intro¬ 
duced in |F(H)| of 41 reflections fonn'yd^e half of the set with 
h 1 9 ^2^ So a ^ so 9 a fridge factor A was introduced in Eqn.(l6) 
to obtain m£ from m^ and & (i) as follows: 

mj ■ + A5(i) (36) 

•Vith A -1.0 and 1.5, using the diagonal approximations in the refine¬ 
ment, and using data with mean errors e as mentioned above, various 
combinations were tried, and the results Indicated that errors upto 
1556 do not affect the final R-value very much. On the otheijjhand, 
when the factor A was made 1.5, the number of cycles to get the 

same Revalue dropped by a factor of approximately 1.5* Th® data 
are summarized in Table 5. 

Table 5: Effects of errors and fudge factor on the refinement 
procedure. 
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• Table 5 • Effects of error« gnd fudge factor on 

the refinement procedure .♦ 


Fudge 

factor 

*. 

[ 

Mean 

error 

e 

K - 10 

iterations 

K - 15 

iterations R ( £tnal ) 

1 

1.0 

10 

12 

0.22 

10 

0.28 

1.0 

15 

13 

0.22 ! 

9 

0.31 

1.5 

10 

8 

0.22 

6 

0.26 

1.5 

15 

9 

0.22 

7 

0.30 
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5. Extension to atoms with real form factors 

(a) Gaussian atom s with corrected formulae including T(H) 

In all the trials the correct structure was taken to be 
FSG-1 as given In Table 1(a) and the trial structure was GSG-7 
given In the footnote of Table 4. When the diagonal approximation 
was used (output No. 90(d)), then for a 4X4 grid and K ° 10 
(B ■ 1.26) and using HMAX ■ 41, the R-values obtained for succeedlr 
cycles were 0.561, 0.445, 0.269, 0.254. When the structure 
corresponding to the last value of R was interpolated to 5X5 and 
HMAX - 61 was used, on employing various values of K between 
8 and 18, no refinement or convergence was achieved. In view of 
this when T(H) is included in the calculation, only the full mstri: 
Gause-Seidel procedure was employed. However, it may be mentioned 
that when the fudge factor was made 0.5 and K was madeeau&l to 
20 (B « 0.63) for a 6X6 grid, the diagonal approximation led to 
a convergence from 0.544 to 0.241. 

The results of refinement with the correct formula including 
T(H) and employing the Gause-Seidel full matrix calculations are 
summarized in Table 6. 


Table 6: Results of refinement (with correct formula, 
including T(H) • 
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Table 6t Results of Refinement 
(With correct formula, including T(H)) 


Grid 

K 

B 

HMAX 

R-values 

4X4 

10 

1.26 

41 

0.560 to 0.146 

4X4 

6 

2.10 

41 

0.071, 0.066, 0.055 

4X4 

12 

1.05 

41 

0.182,0.184,0.181,0.179 



After interpolation 

6X6 + 

15 

0.84 

85 

0.542, 0.455, 0.511,.. 

6X6 + 

12 

1.05 

85 

0.435, 0.473, 0.477 

6X6* 

20 

0.63 

85 

0.544 to 0.241 


Straight from random structure 1 

6X6* 

12 

1.05 

85 

0.613, 0.303,..., 0.147 


( + Fudge factor ■ I.Oj Fudge factor * 0.5) 
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Aa will lie seen from this, a range of values of K leads to 
refinement for the 4X4 grid while for the 6X6 grid only K - 20 
(B ■ 0.63) led to convergence. 

* m 

lb) Real crystals, with real atomic form factors 


Since our technique is ejected to work best for the case 
when all atoms are alike, the calculations were done only with 
all atoms having the form factor from a nitrogen atom which is 
given by 


f„(H) - 3.19 exp (-(A/4) d* 2 ) + 2.31 exp (-(a'/ 4) d* 2 )+ 1.50 

A - 7.34, A* - 26.8 



This form factor is multiplied by an additional temperature 
factor which may be expressed by the function 

T(H) - f(H) exp [-(Bj/4) d* 2 )] s d* - (2 sin 0)/X (?e 

A value of B>p is employed corresponding to the values 

of K and B used for gaussian atoms as given below in subsectionvc). 
Thus, in these calculations employing a 3-dimensional crystal 
the inputs are a, b, c.-t, p , 1 , \ and from these we calculate 
dUtphg.hj) and (sin«)A - l/2d - d # /2. basic equations 


I 
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are slightly modified, using this — e.g. 

J 

fULphg.hj) m < fjtein 0/ft ) exp [-BP( sin Q/% ) 2 J X 

exp ZTTKh,^ + hjjXjg + hjX^) 

Otherwise the function minimized is the same as before — 
namely R f given by 


(39) 


R* - 1 (|F(H)| - |G(H)|) . £.A|F(H)i 
H H 


(40) 


and the only change in the variation of A|F(H)| with m. is die 
inclusion of f(H) and the use of new El's. We obtain 


_ T>AlF(H)l 

'2u» 1 


'S 10(H) I 



f(H) T(H) |c c (H) cos 0(H,i) + C a (H) sin 0(H,i)| 


U1 


(c) Test for a structure with nitrogen atoms 

For comparison with the gaussian atom case, this was also 
tested with the structures FSG-1 and GSG-7, and a 4X4 grid, 

o e 

using, however, a square planar unit cell with a - 6A, b « 6A, 
y » 90° • Since the person who did these calculations could work 
only for two weeks at Bangalore, the program was tried only in 
four cases as given in Table 7* 


Table 7. Refinement tests with nitrogen atoms 
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Table 7. Refinement testa with nitrogen atone 
(Unit cell a - 6A, b - 6A, Y- 90°) 

FSG-1 and GSG-7; 4X4 grid 

BT + FF' 

1.0 
0.5 
0.5 
0.5 

^Temperature factor Introduced for both Sp and Sq 
* 

Fudge factor 



*Ro refinement occurs 
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When Faraday ./ae escorting a lady through his laboratori 


she asked him the- question "What is the use of all these? 11 an 


it seems, he replied, "Wliat is the use of a new bon) baby?" 


This .strange rej-iy of the great scientist was not a quip, but 
a very profound statement regarding the question that v/v.s r*..l 
Nobody can soy what the new-born baby ia going to be when lie 
grows up; he iuuy do come a criontict, up author, a puintfr >x 
gifnL jrloliut, but thin cannot i>t' dict.^verod at Ui* ; i.i 
iilicn Jin is borni i.-rc will Leconte clvur: on!}- .In- .ic.-l i*. 
and l>.i a full poit'-'LlalitiCij m'o revealed# In Lho w; .y f 

a beautiful new j-ucnoiponon, which has bwen covered by p 1 - 
sclent!at, may not have in it ony indication, r i- the time of 
its discovery, of what it is Going to be 50 year?* <»- 100 year 


hence* 


Considering Faraday* s own great discovery of electromagj£ 
Induction and the development of the theory of electricity a] 









1 


. 2 . 

magnetism and tlie Interactions between the two, this was the 
result of pure curiosity on his part In trying to understand 

m 

the phenomenon of electromagnet ism • Within a very few years 
after that it had been converted into practical use, and it is 
not too much to soy that our modern civilization is, to a large 
extent, dependent on electrical energy. The development of 
electrical technology could never have taken place if the 
fundamental basic laws were not put on film grounds by Faraday 
a century ago, in fact, in 1931 the ..•■ntenaiy of F nr ads y'c 
discovery ol electromagnetic induction w*.-c nos. conducted by t : ie 


.society u! London , or the Hoy.il j noil I.u Lion in lcis :on 


wiiore he did rli i dt-. studies, but hy a tec line logic til :>c-i — 


tho Institution of Electrical Engineering, 


indicating th.it the 


applications of his discoveries in practical technology have 

far exceeded even the applications of his theories in basic 

physical sciences. But Faraday himself never bothered about 
■ 

them applications and he called himself only a "natural pbflosqpte 


magnetism and tl» interactions between the two, this was the 

result of pure curiosity on his part in trying to understand 

* 

the phenomenon cf rlectromagnetism. Vi it hi n a very few years 
after that it had !>een converted into practical use, and it is 
not too much to soy that our modern civilization is, to a large 
extent, dependent on electrical energy. The development of 
electrical technology could never have taken place if the 


fundamental basic laws were not put on firm grounds by Faraday 
a century ago. In fact, in 1931^the ^i>ntenuzy of Faraday's 
discovery of electromagnetic induction was nor conducted by : : it* 


Royal society o i i-undon, or the Royal jnoxKuiion i.i *-ct::on 
where he did all his studies, but by a U}c:hnclc-,ictil Szl i.-'ty — 

tho Institution of Electrical Engineering, indieaLing -h.:t tiie 

applications of his discoveries in practical technology have 

far exceeded even the applications of his theories in basic 

physical sciences. But Faraday himself never bothered about 
■ 

these applications and he called himself only a u natural, philosopher 
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■ 

It is strange that Faraday was not a math em atician 
yet became a superb physicist discovering many new Laws of 
Nature. I am saying this in order to show that science is a 
field that is open to everybody, and to indicate that great 
discoveries are not made always as a result of Intensive 
application and effort over a number of years, but quite often 
come in the form of sparks to the right person, who puts his 
mind in tune with nature, and tries to learn about the Laws 
of Nature. 


It wos in hiw attempt to translate Foraaoy's ileas ir.to 


mathematical notation that tin*we 11 cane out with his theory of 


electromagnetic waves. In fact, Harwell's fiict paper was 

entitled "On Faraday's Lines ol Force 11 • Looking c ■ those 
physical lines ol lorce by his mental eye, tiaxwll, greatly 

abhor red the idea ol action at a distance, postulated u* 

■ 

existence of the . electromagnetic field worked out the laws 

■ 

governing the variations of the electric and magnetic field 


4. 


vectors interacting one with the other, in the form of 
differential equations. In this way, he came to the well-known 
four Maxwell Equations, which, on further being manipulated by 
l^^^atheuatical techniques, led to the prediction that there 
should occur electromagnetic waves emanating from systems in 
which the electric and magnetic field vary v/ith time. Although 
the electromagnetic waves of Maxwell were actually discovered 
only some years later, Maxwell was fully convinced of the 
existence of these waves and even stated tint ;i:t is a >^ir 
of electromagnetic wave v/ith transverse polrrinotion. 

We all know low Hertz produced tijsau eiuctromnt netic ..iv«-s; 

and studied them and how Marconi went ahead v;ith the practical 

application of this new phenomenon and established that signals 

can be transmitted through vacuumn or over large distances in 

■ 

the Atmosphere in the form of electromagnetic waves. I need not 

say anything about the technology of radio and wireless phenomena. 

. 

They hay. conpletely engrossed everything in our dally Ilfs and 



.5. 

between the two, nmaely electromagnetic induction and 
electromagnetic waves, modern civilization is enveloped in 
every way by the applications that have come out of these 

i 

purely scientific discoveries* ■■ 


Mow I shall pass on to another great discovery rfiaiie in 
the 1850's but which found application only a century thereafter. 
This is the subject of Boolean algebra, developed by the 
mathematician-philosopher Cfeorge Boole. lie probed into the 
nature oi science ;?iid wrote two bootfP — or* or* l 'i 
An:-..lysis of (18^7), and tne other entitled ‘V-.-i i.-vcitii.-stic- 

of tile Laws Of thought 1 - (185^)* i-i W'.r.y he-)!':, h f 
mathematically the nature of tho our:I j.Lpiciv ■ re J at ions hetvee.i 
objects, phenomena etc., as contrasted with qlat.tlL&cive ones, 
which had been greatly studied by mathematicians "t *hat time* 

In quality, he particularly emphasized the question — "Hoes 


a given quality belong to a given object or not?” The answer 




. 6 . 

Is always either "yes" or ■no", and he developed the algebra 

pertaining to such questions. There are only two po ssibil ities 

to any mathematical entity in Boolean algebra and Boole 

expressed this by the arlthematlcal symbols 1 and 0 — 1 for "yei 

or truth, and 0 for "no* or falsity. With this, he built up 
a whole range of Ideas by which mathematical thought and logical 

analysis can be converted into algebraic equations in Boolean 

algebra, and he used this for checkin? theories in logic• 


Almost a century later, ideas of Boolean algebra bcg&ii 


to he converted into practical things. It v/«c Shannon who fJr:;t 
showed that switching circuits had the property of simulating 
the '1-and-0 quality that wan uemunded by : oole. If r t switch 
ia on, the current exists and when it is off, 2 current goes 
away* Therefore "on" and "off" in a circuit can r* present 
Boole's two entities 1 and 0« Also, two switches, in series 
and in parallel, can simulate the logical connectives "and" 


and "or* respectively* It was a very simple matter thereafter 
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to make larger and larger circuits to represent, by electrical 
signals, any analysis made by Boolean algebra, and practically 

exhibit the logical results thus obtained. 


In the 1940's, these ideas found fruition in the development 


of the modem electronic computer. 1 shall not go into the 
details of this and the various improvements that vere made — 
from the first computer EwlAC constructed in Princeton, to the 


enormously complicated and powerful computers of today. ftbat 


is important to I .now is that the computer circuits are all tassel 
on the 11 a] 1 or nothing 11 nature of a •:u;mclty ccrrtj;*3or.;iiJY to 
1 jnd 0 ci' J'-'Olt.-.-ii algebra. /i*ii.itiv:'i -md H.-lti?-l*c i iti\.. i r ■' r.-.- 
binary system o' nrithematic can be r.-pu'esc-nte- 1 by Just thes». 
two signals, arn iL is a wonderful thing to that .?rn 
computers can go through billions and trillions o orations 


of this kind without making a single error. The swit :.iTg 


circuits constructed manually were replaced by integrated 
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i^coxi e\il m i> and during the last two decades tney nave been 
replaced by large scale integrated circuits (LSI), and particularl 
during the last .five years, by very large 3Csle integrated 
circuits (VLSI)„ a VLSI is practically a computer ;iy itself 
and can in a sp.v.c of few miliiueters cover wnat a room-full 
of electronic circuitry could do only thirty yeoa's rigo. 


In this revolution of computer technology, transistors 
have played a most fundamental part; and solid state physics, 
and the gruat developments that hnvf t.-skcn pioco i»i this r\\ J-.-ct, 
have been funit-dtental for tno .civ rue rr.-: in the .«:ub.'»-ct ■.*£ 

computer ccioiic?. Transistor utcbt»ol-.v.:y is onothei ox •:»;;;■!e ( ci 
pure basic rwititch lending to r.icior tec^io] ■ ics\ -aflv-ir#*;- 1 i..jnt . 


We a.ll know that t rrnsistors V’.uc- not di^coveren r.:i .attnir.pt 


to find a new way of doing electrlci.1 technology. 


■ i h ■ 


"i er 


they 


came as a result of the curiosity of scientists like Sardecn 

who tried to understand the phenomena in solid state in relation 

■ 

to the electrical properties of the materials. It is not a 



■ ■ if : 


* % 


4 




.■ ■ 
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surprising thing that the discovery of the transistor was made 

■ 

in the laboratories of Bell Telephones — a purely technological 
organization# However, It must be said that* In these 
laboratories 9 they allowed the scientists to pursue pure researc 
In whatever direction they desired 9 without any restraint on the 
nature 9 or financial outlay. 


Ve may consider one more example* namely tne discovery c£ 


radioactivity by becquerel and the Curi'i.s towards tisa end o 
the last century* l/hich came about purely iru;:. an inU-rest 


in 


studying J lucres-:£‘iit materials cont-arin^ ureninm the- rj*:ir. 
of the light emission by those fti:;cri.2 j. Cucfc '-.r. 3rr«>.e.':t * u:U 

has led to the development of the v*ho2e field of i ■' leor physics 
leading to the technological advance of obtain in.-: en. \\/ Jro r. 
the atomic nucleus. These practical applications have had a 


tremendous impact on our lives ell over the world# 
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I think It ia not necessary tn elaborate the point any 
further. -.»e cai; s-*y that* even in sijite of me gresc fidvance -3 
in technology thj- have cuaie in the 2Gth , "Jontury # the further 
advances or dcvt:V>_iiient of techniques both in technolm ■» r-rj 
science are not jiMrg to be deice merely t-y -.'aing induscrail 
research; but only from fundamental research. I believe, sr.c 
1 think it is generally accepted by ell scientists, that 
significant advances are going to take place only by the lone 
scientist who siin his laboratory pondering u : ,on xhe Lnv.r. 
of Mature and trying to discover nov: ccniiucclous 
It i .r.-.y he que".ti :- A v;h utter scientist.- .! .■ j 

country like our:i will l>e obi-/ t'« do w.ytM . i». -'--iu dize # :i.:. -r 

without eytrer.!Gly v.all-a quipped l.^horci 1 - -rit-'i’ ^r-v u-'c..* i Lc 


in the advanced ■■ountrics of the west, fho ers\ i to tnio Is 


that a really important discovery docc not require vry .jrent 

facilities, but ratter the application of the minds of :uientists 
■ 

to prolse Into the secrets of nature enfl attempt to unravel these. 
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I think it will not he Impertinent on my part If I pointed out 
how the discovery of the R&man Effect took place In India by 
*-rof, Six* C.V. Raman using only very simple spectroscopic 
equipment which was available everywhere • Here again , t hi s 
discovery has become a house-hold word in the laboratories of 
chemists, although it was a landmark In the development of pure 
physics in the subject of quantum theory, when It was discovered* 
U-ju-G-duys the IU;iEffect ir> applied lor a whole variety o i 


lnvestlj.i cions inti a Ln&ar n.i.-n apt. :troy.iooh L: a at 


i*i cue nil cal laboratory — be H 1-: , ;« : 


,-v- ! 

•i - i * 


l'.'.j.j.luti; or a tt.». 1 .litj.l laboratory* 


Tn the semi-- ■■ , : y co the lOfiirn uIf*v.- f. i-unci i:; In-i’-, 
tl.'en: is every likelihood that itev i:i*oi . w» o/]^^i::' 1 ..- :1 
discoveries of an outstanding nature* c«ji* co.'::* from tiiis cx-iury, 
provided the scientists are given full freedoai to work rn 
whatever they like and utilize their time in research activities. 
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I feel that there Is a greater chance of new and 
outstanding discoveries in the field of basic science taking 
place In Xndia v rother than In applied said technological research* 
This is because f.»f the reason I mentioned above, nomely that 
discoveries in fiiMamental science arc unpredictable and can 
occur.to any good scientist who whole-heartedly applies hinsclf 


to the pursuit of pure knowledge* What is needed is only to 
q right atmosphere for such scientists, to be free of 


worries and the need to Vraste their iir-e in getting thirds .ions 


■:«:,y—to—rtt-.yand allowing them to ireely v, 1 u 1 :■ :ivir 


reueorch activities. On the othoi t In techiiolo-;y, . 


have to first attain a high degree cl competence before v.e 


obtain a new technological advance in our -cuntry. .iouever, 
in the field of atomic energy and space research, our country 
has done absolutely first-class work, comparable to the best 


anywhereas has been mentioned by the previous speakers* 


L 


c .. 


- 1 “■w'i ■■ 






* ■ ■ "■ 


■. « . v #■ 


. -b ■ ■ 
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This has been note possible by providing scientists working 
on these two disciplines full freedom frca worry and ample 
financial and technological assistance at a high priority 


by our Government, The very fact that, :us a ccnseoiienc.*. 


llV 


work done by thes* departments are c operable to the ic.*:t In 


the world shows th:&. the Indian scientists r-nci particularly 


the younger generation of Indian scientists have the capd" 


*+\r 

• V J 


of .ioi::g absolutely top-class work. 


piven 


the 


r■ ece esary f ac i.i it io 


Unfortunately, this is not equally true c.f thosi vi.j 


working in pure research in Uiiivcrolv.i re ■». .'-cl. Ir..- 


, , I m 

. «UL. 


1/ it is cxporii-tacal re^c^rch, l non ir :'C U-i. 




facilities for thin purpose, arid only avc ocr 

authorities woken up to tiie fact ti.it L:^.i ct j. 1 ’Stass 

should be concentrated at specific pli-ces for each c. 1 v‘* 

Several such centres have been established during the U 

. 

decade and If the development of activities in such centres 


. ■ ■■ 

■ ■ “ 7 "■ i 


W*'- ,l ’ T 'I3fci.c 1 ■» : 


% 1 ■ ■ 

1 . * ■ 



grows on and we are able to attract tl# best people from 
abroad to cone and work in our country, then these laboratories 
will surely produce top rate fundament:.! work. 


It is in thj .field of pure theory that it is a little 
difficult to understand why the output from India las not been 


commensurate with che quality that v/e expect from o^r scientists 
The only explication I can r ivo is that cpik-tr# of achievement 


will occur anly if the overero base irm which these spikes 


urJzo is :tself k jf'h« Hera it in t.V- 1 . v.e 


!.3.i licularly iUii i r . L the last ?G or i- 1 ' - ’ y*. 


,.;oii-nt istu in tho country itself without 


nro findlhc it dii.i*- 

] p tj i tut- l»v?f 

Liiiov.’inr then to ?* ■. :■: 


abroad. 


Always v.iic*n such persons come Lack, 


they t^ke three u 


four years to settle down, by which time y find thence Ives 
out of their depth in the competition with corresponding 
scientists abroad. But with the great stress on basic research 
that has bean put by the Department of Science a<v5 Technology 
and the attempt to support especially active research workers 
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J.n selected thrust areas, it Is very lively that a turn in the 
tide will take place in the next ten years or so, and that ve 
can hope to talk of extremely high grade work being done in 
basic science in our research laboratories# 


This is wLcit should be done — not so much of lar^e era ;?nts 
of money being spread out everywhere, but rather of whatever *.o 
have being concentrated in a small number u.f places have 
ohrmn cripabllitiec of producing Jii. - ! -clo:*.:* .-.ork md ou.’.art: rg 
r,iiO ccioiitl.its tifcre through the intcrv^ni-ir terioci when they 
jj: keeping Uic nr,solves settled an-’ '.urging iMv-.r: tl.t-J; >.-r i i lea 
tu producing hijh grade work# It i.-. not ii*in; :d . 

that a scientist is doing good work, ■ .:vn, in che meanwhile, 
he has not produced anything much but i l £■- riving towards 
perfection# It is the responsibility of the senior scientists 
of our country to pick out such persons who show promise of 


■ 

doing high grade scientific work although not actually producing 



papers to justify that. It is necessary for such senior 


scientists, not to depend upon reports fch^t arc- received /roc. 
variola laboratories, but instead visit tiio core ja-oei-iry 
lal.iOie.fccries all .iver the country, spend time with tike younrer 
ac leftists, tailing to them and get to fcnov: vbet the./ cio doin-T, 
whra difficulties they are facing, and so on, and advise, the- 
Government suitably to support such persons. Such .M-otectlve 
fc.y the senior scientist:-; is ;he only thJj*.- z r:./i 
cn» ourn l f - , -‘?it:.i l . to the younger scioi.tist^ vhon t'r.cy r : :.;■■ . - in.; 
■i.!:,-. ;< t,V- i-rot. of tryin-’ to eci.J »;V • i: :- 1. 


r* . juiiiJly 


j jiu rer-insie i Jn this cunnoct: r. •. v- y i.. 


Sir Lawrence br»*j in the United i.:il 2 isc t "ui. :■ 


for a period of twenty years for the cvi .Cvi‘.ie*i o* 


of protein crystallography. Kendzev. and r'ti'utz who v-'w c ieluc^cd 

by him to'spearhead this project did not produce any papers for 

0 

ten years - or so, but Bragg was there to support them, end inform 
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the Medical Research Council f who supooi iec; their rtiiech f 
tJif-.t work was goir^ on and that it vr-s to be .jiiccosEful 

in the years to :o\u. People of the stature of iirc^.L £*'« not 
many in Indie but Those who are Advisers to the Department oi 


Science and Technology should take thir- ir.ade and five 


impart!el Judgemciii of theirs or. the activitier of younger 


scientists in India. There should be something mire thur. wnpt 


in jut on .upfr t-l.-r': should bo taken .u«..o *0count in 


fc-h.o ."bun 1<1 be ni-v-orio-i' to tiw hilt* ■ '■■'I ’i'o.olc. '* v 

• * 


i*. -■■■ ■* j r 1 ■ ■ 

•ij iO • ■ 11 ■ 


l ill, l.ij KtruiCf 1 , -YOTi 


hiavr* iir.t ui. 1 *:'. ruf f J* io.ntlv s';C»W. f ?1 


:.“l JjS. 
■j • s r ■»! 


i,. .*• ■ 1? v r.« 


fed tile musteiic* ■ j. such cu* 7 'm t 11 1 ■ -*•! ■•* 

sind if that always goes to the n the right c.-irit, 

then I am sure more and more of the youufor s “ill 


return to India and take part in our attempts to t- ild up high 


quality basic research in the country• 




